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Chapter 1
Kinematics of Particles

INTRODUCTION

Particle
A particle has mass but does not have dimensions.

Rigid Body
A rigid body has mass and dimension, and the distance between
any two points on the body remain constant.

Kinematics
Kinematics studies the motion of a body or particle without regard
to the forces causing the motion.

Kinetics
Kinetics studies the motion of a body or particle and how it is influ-
enced by forces.
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POSITION, VELOCITY, AND ACCELERATION

Position

Velocity

Position = x(t)

Acceleration

Vave At
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Solving Rectilinear Motion Problems by Differentiation

When x(t) is given, v(t) can be found by direct differentiation of x
with respect to time.

When v(t) is known, a(t) can be found by direct differentiation of
v with respect to time.
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Example
If particle A has a position which varies with time according to the rela-
tion x=2t2+3t , determine the following at a time of 3 seconds.

Units: m, sec:

a) What is the position?
b) What is the velocity?
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Example
The velocity of an object is given by the function below. Find the

maximum velocity, maximum acceleration, and the times at which each
occurs between 0 and 16 seconds. Units: Feet, seconds.
3 v (ft/s)

v=5t2—t—
3

0 t(s)

a (ft/s?)

0 t(s)
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Solving Rectilinear Motion Problems by Integration

If a is given as a function of v, x, or t, you may need to integrate to
find other quantities.

Typically 3 variables will be involved (from a, X, v, ort) . From the

equations below, choose the equation which involves the 3 vari-
ables of interest.

dx
V=—
dt
dv
a=—
dt
dv
a=v—
dx
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Example
The earth’s escape velocity is given below, where Re is the earth’s

radius, and X is the distance to the earth’s center. For a satellite
which is launched from sea-level at the escape velocity, find the time
for it to reach an altitude of 50,000 ft.

X

Re

v, =R 2% where: R, =2.09x10" ft
X
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Example

A boat is moving at a speed of 4 m/s, when it shuts down its engine.
The boat decelerates according to the equation below, where the ac-
celeration is in m/s2 and velocity is in m/s.

Determine the following:
a) How long will it take for the boat to reach a speed of 1 m/s?

b) How far will the boat go before its speed reaches 1 m/s?

-0.1
a=

V2

1-8



Example
An object moving through heavy oil decelerates due to viscous drag.

The deceleration, which is proportional to its velocity can be written as
a= -cv. Find the velocity as a function of time and c.
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Example
A vehicle starts from rest, then accelerates with time (see diagram

below). Determine the maximum speed reached by the vehicle, and
the distance traveled at the position of maximum speed.
a (ft/s?)
29

0 10 t(s)
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UNIFORM RECTILINEAR MOTION

Velocity and Acceleration Equations

dx
V=—
dt

_av

a__
dt

Q
dx

Position Equation for Constant Velocity

X = X, + Vvt

Position, Velocity and Acceleration Equations for
Constant Acceleration

V=V, +at
1
X = x0+vot+§at2

V2 =V +2a(X = X,)
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Example

Show that v, —v, = a(t, —t,) and vi =v; +2a(x, - x,) if acceleration
IS constant.
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Example
You throw a tennis ball to a friend on the second floor 15 feet above

you. What should the initial velocity of the tennis ball have to just
reach your friend?
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Example
A train engineer traveling at 100 km/hr sees a cow standing on the

tracks 300 m away. If the engineer decelerates at 0.75 m/s? after a
reaction time of 0.2 sec and the cow leaves the road after 5 sec, does
the train hit the cow? Units: meters, seconds.

| 300 | X
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MOTION OF SEVERAL PARTICLES

Motion is constrained when the motion of one particle depends on
the motion of one or more additional particles.

Example _ S5

Find the relationships between the velocities and & ©

accelerations of the particles in the system: @
O

1. Determine the number of constraints.

2. Define fixed DATUM line for measuring

] . A
positions of particles. ﬁ

3. Draw position variables from DATUM to each particle.
4. Create constraint equation(s) by defining the length of the

constraints in terms of the variables you defined.

5. Differentiate constraint equations with respect to time to get
velocity and acceleration relationships.

# Degrees of Freedom= # Position variable - # Constraints
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Example
If weight B is moving downward with a velocity of 4 m/s, which is

decreasing at a rate of 1 m/s?, find the speed and acceleration of
weight A.
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Example
The cable at A is pulled downwards at 2 m/s and is slowing at 1 m/s2.
Determine the velocity and acceleration of block D at this instant.
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CURVILINEAR MOTION OF PARTICLES

-For curvilinear motion on a plane, 2 coordinates are required to
describe motion.

-For curvilinear motion in 3 dimensions, 3 coordinates are required
to describe motion.

-For planar motion, rectangular coordinates work well if x-motion is
independent of y-motion

ﬁzxt)i@ y(t)]

S:d—r:xf+y]:vf+v j
d}( o

£=W - yivyi=ai+aj x
dt - ,
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-For projectiles where gravity is the only acceleration:

Equations in y-direction y

Vy - (Vy)O - gt
Y=Yt (Vy)ot -1/ 2)9'[2
vy = (v,)5 —29(y — ¥,)

Equations in x-direction

X = XO + (Vx)Ot

Vector components of velocity
Vv, =vcoso
v, =vsin@
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Example
A projectile is launched with initial velocity v, at a launch angle of 6.
Determine an equation y = f(x) which describes the parabolic path
which the projectile takes.

Vo
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Example

A helicopter drops a box when it is flying at an altitude of 250 m with a
velocity of 25 m/s. Determine the following:

a) What is the horizontal distance from the release point at which the

box lands?
VW

b) What is the landing speed of the box?
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Example
A football is thrown from the top of a hill at a velocity of 75 ft/sec at an

angle of 30°. The vertical profile of the hill can be approximated by
the equation y=-0.007x? What are the coordinates of the point where

the football lands? )
Pt \30°

y =-0.001x’ ?
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Example
A missile launched at A with the speed Vo is aimed to hit target B. (a)

Find the expression for the required angle 0 of elevation. (b) Find the
solution 6 of the expression derived in part (a) if v= 400 ft/s and d=
2000 miles. Neglect air resistance.
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MOTION RELATIVE TO A FRAME IN TRANSLATION

y

o

A

Relative Motion Analysis

K K .
r,, Iy are absolute position vectors

58 L =X +y'(t)] = relative position vector

Relative Position Equation

N R K
rB_rA+rB/A

Relative Velocity Equation

d K K K
_(rB =T + rB/A)

Relative Acceleration Equation

d K K K
E(VB =V, +VB/A)

N_RA R
aB_aA aB/A
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Example
Billiard balls which have the initial speeds shown move simultaneously
in the paths between AC and BC. Determine 8 for the balls to hit at C.

2 ft/s

Jd

4 ft/s
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Example

When a stationary bus faces the wind, raindrops follow a downward
path at an angle of 12° from vertical on the side windows. If the bus
Increases its velocity to 35 mph into the wind the angle increases to

65°. How fast are the raindrops moving?

f

—

Bus side window
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NORMAL AND TANGENTIAL COMPONENTS

Normal and Tangential Coordinates

Position and Origin:

Unit Vectors: € , &

Velocity:

K ds. "
V:Eet = Ve,

Acceleration:

K
K dv d , .
a=—=—(ve
dt dt( )
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Example
The earth has an approximate radius of 6370 km. Use normal and

tangential components to determine the velocity and acceleration of a
point P on the earth’s equator with respect to a non-rotating reference

frame at the earth’s core.

North
Pole
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Example
A car travels on the S-shaped road shown. From point 1 to point 2,

the car travels at a constant speed. It decelerates from point 2 to point
3. Then its speed increases from point 3 to point 5. At each point
indicate the direction of the acceleration vector.

4

- .

1 @ ® ® 5
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Example
An object which is initially at rest starts to move around a circle as

shown. Its speed increases at a rate of 0.3t m/s2. When 5 seconds
have passed, what is the velocity and acceleration in terms of normal
and tangential coordinates? How far does the object travel in 5

seconds?
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Example
A man throws a basketball with an initial velocity of 20 m/s at an angle

of 30° from horizontal. Find the acceleration and velocity in terms of
normal and tangential coordinates when the ball is at its highest point.
What is the instantaneous radius of curvature at this point?

20 m/s
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Example
A car which has a constant speed of 80 km/hr travels on a road

whose vertical profile corresponds to the equation y=0.0005x% What
are the normal and tangential components of the acceleration when x

=350 m?
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RADIAL AND TRANSVERSE COMPONENTS

y
Position Vector: F = rér
.
Velocity Vector: \K/z d_r
dt
K . A
V=re +r0e, o / X

Acceleration Vector:

K dv
a=—
dt

B=(r —182)8 + (18 +2r8)8,

1-33



Example

A radar tracking device follows the position of the helicopter according
to its distance, angle, and angular velocity. Determine the altitude h,
speed, and acceleration at which the helicopter is traveling given the
following:

R =1000 ft
p=45" - - - X—w
0 =0.05 rad/s l g
0 =0.015 rad/s? h, R~
|
|
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Example
The rod and slider are rotating in the plane, where 6= 2t? and r=50t
mm. Determine the velocity and acceleration of the slider when t= 17 s.

y
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Example

The rod and slider assembly are rotating with constant angular velocity
of 2 rad/s. At the same time, slider B moves along the rod at a con-
stant speed of 3 mm/s toward A. At the point where r= 5 mm and 6=0
rad, determine the following:

a) Velocity of the slider in vector form.

b) Acceleration of the slider in vector form.
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Chapter 2
Kinetics of Particles: Newton’s Second Law

INTRODUCTION

Kinetics
Branch of Dynamics where forces are related to accelerations and
velocities.

In Statics, bodies are in equilibrium.
K K

2F =0
Newton’s Second Law applies when the body is not in equilibrium.
K K
2F =ma

Other quantities in Kinetics:

K

. K
Linear Momentum: L =mv
K K
r \Y

K
Angular Momentum: H =rxm

Introduction 2-1



NEWTON'S SECOND LAW OF MOTION AND
LINEAR MOMENTUM

Newton’s Second Law

K
= Mma

Ti>x<

2

Restate Newton’s Second Law:

K
Linear Momentum | L = m\}§

Mass Units

F =ma

W =mg

Newton’s Second Law of Motion and Linear Momentum 2.2



Creating Equations of Motion:

1. Create FBD and Kinetic Diagram.

K
ZF:mg

2. Write Equations of Motion.

Rectangular Coordinates

2F, =ma,
ZFy =ma,

Normal and Tangential Coordinates

2
2F =ma, = m_

P
2F. =ma, =mv
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Example
Write the equations of motion for the moving block being pulled by
force P.

Uk\ I

FBD Kinetic Diagram
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Example
A 50 kg load is initially at rest, then a hoisting mechanism raises the

load 1 m over 2 s at constant acceleration. Determine the load in the

two cables. (g
NS
25° ' 25°
f7a f/a)
50 kg
Yy A Yy A
A A\ A\ A
X x:
FBD Kinetic Diagram
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Example
A block of mass m is moving up a hill with the incline angle 8. The

block has an initial velocity vo. Determine the distance which the block
will travel up the incline.

FBD Kinetic Diagram
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Example
Blocks A and B slide on a frictionless surface. If the 20 N force is

applied to A as shown, what is the acceleration of each block? Also,
determine the tension in the cable.

30 kg
20 kg
20 €,
- A @ =
Q
y y
& X s X
FBD Kinetic Diagram
y y
B X B X

FBD Kinetic Diagram



Example
An airplane flies in a vertical loop of radius 1000 ft at a constant speed

of 200 ft/s. If the pilot weighs 175 Ib, what force does the pilot’s seat
exert on him when the plane is at the top of the loop?

1000 FT

FBD Kinetic Diagram
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Example
What velocity must the 1 kg tetherball have in order for the cable

assembly to make an angle 8=45° with the pole. What is the tension in
the cable when 6=45°, y

— — — -
_

— — —

FBD Kinetic Diagram
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Example

A 10 g marble rolls in a circular path on a banked track. If the coeffi-
cient of static friction us=0.3, what is the range of velocities the marble
may have so that it doesn't slip?

-

FBD

FBD

10 cm

/ 60°

/

Kinetic Diagram

-

Kinetic Diagram
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Example
A string of length ris attached to a marble of mass m which moves in

a circular path on the horizontal table. The coefficient of kinetic
friction is 0.20. If the marble is initially moving at a speed of Vi= 10
m/s, how long does it take for the marble to stop?

FBD Kinetic Diagram
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ANGULAR MOMENTUM OF PARTICLE AND
CENTRAL FORCE MOTION

Linear Momentum
K
Lzmé

Angular Momentum is the Moment of Momentum about a
point, O.

N

K K
=rxmv

Restate Newton’s Second Law:

-Take moments about both sides of the equations:
K
Fx3F = Fxm o
dt

-Result;

K K
2M, =H,

Central Fokce M?(tion
2M_,=H, =0

|/0

H = constant Angular Momentum is Conserved
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Example

A string-and-marble assembly initially allows the marble to travel in a
circular path of radius r= 1.0 meters at an initial speed of 8 m/s. If the
string is pulled down such that the radius becomes 0.5 meters, what
is the new velocity? (Assume friction is negligible.)
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Example

A satellite travels in an elliptical path around the earth, where R is
defined by the equation below. If the satellite has a speed of 1000
m/s at point A, find its speed at B. Units: meters, seconds, m/s.

%: (1.5x107")(1+ 0.15c0s8) , N\
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EQUATIONS OF MOTION IN TERMS OF RADIAL AND
TRANSVERSE COMPONENTS

Newton’'s Second Law:

K
ZF:mg

Equations of Motion using Polar Coordinates:

SF =ma, =m(r-ro?)
2F, =ma, =m(rd +2r0)

Equations of Motion in Terms of Radial and Transverse Components 2-15



Example
A flat turntable is rotating at the constant rate of 10 rad/s. Particle A

with a mass of 100 g is free to slide in the frictionless slot. If particle A
is known to be at the position where r= 0.1 m and is moving along the
slot at the rate of 0.2 m/s, determine the following:

a) What is the acceleration of A relative to the slot?

b) What is the total normal force acting on A at the instant?

y

FBD Kinetic Diagram
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Example
A 0.01 kg disk is placed on a stationary turntable at r=1 m. The static

coefficient of friction between the coin and the turntable is 0.2. If the
turntable is started with a constant angular acceleration of 1.5 rad/s?,
determine the angular velocity when the coin starts slipping.

>

Bl

FBD Kinetic Diagram
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Example
A sliding collar is attached to a spring with unstretched length of 2L

and a spring constant of K. Find the expression for velocity of the
collar at position 2. Assume the initial velocity at position 1 is v and

the mass of the collar is m. oL

X

y ‘ ; \ :
[ 2
1 T
FBD
2L




Example

A 2 Ib collar moves upward as a
cable pulls it with a force P= 10
Ib. If the collar is initially at rest,
what is its velocity after it has
moved upward by 2 ft?

FBD

-------
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Example
A 10 kg crate is released from rest at point 1. The coefficient of
kinetic friction is 0.20.

a) What speed does the crate have at point 27?

b) How far does the crate travel before stopping at point 3?
(Assume no energy loss at impact at point 2).

Units: m, s.

FBD@ 1 FBD@ 2 and 3
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POTENTIAL ENERGY
Gravitational Potential Energy

Elastic Potential Energy

Ulnstretched Length
|

SLAMWMWWWA-

Potential Energy 3-10



WORK/ ENERGY RELATION with CONSERVATIVE
FORCES

Conservative Force
A force is conservative if work depends only on the initial and final
position.

U, , =AT

Tl +V1 = T2 +V2

Work Energy 3-11



Example
The 5 kg block is attached to the peg at A in the plate by the two

springs as shown. In its initial position (1), both springs are
undeformed. ki= 750 N/m and k2= 450 N/m. Find the required initial

velocity for the block to reach the final position (2).

y
0.75m
T e | T R e S R el TATE S Sy
g bt I T g S P R R T e e (e R 1P S
T sl e e R T g e e =]

0.60 m

Gravity Datum @
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Example

A low-speed elevator uses a large “buffer” spring to stop a car
moving downward in the case of a drive system failure. The 2000 Ib
car is initially falling at a rate of 75 ft/min at a height of 10 ft above the
spring. What must the spring constant be in order to stop the car
within 1.5" after hitting the spring? Assume negligible friction
between the elevator car and its guide rails. Units: Ft.

"

10

1.5
Gravity Datum l
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Example
A 1 kg slider moves along the bent rod and is attached to a spring as

shown. The unstretched spring length is 0.50 m. The spring
constant k=1 N/mm. The collar is released from rest at position 1.
Assuming friction is negligible, determine the sliders’ speed at point
2. The bent rod is in the vertical plane.

RO.5
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