FORMULAS FOR PERIMETER, AREA, AND VOLUME

Introduction

In a formula, variahles are used to represent numbers. Different nurmerical
values are substituted for the appropriate variables in a formula according to 2
specific situation or prokblem. This lesson will demonstrate the use of farmulas in
calculating the perimeter, area, and volume of certain shapes.
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Perimeter
The perimeter of a2 geometric figure is the sum of the length of its sides.

Exarmple: The perimeter of the triangle shown below is ¢ + 5+ ¢ .

b
FP=a+b+c
«
i
2 N EXAMPLE A
Yhat is the perimeter of the friangle shown? 128t —
[=1=]

=210 470 1 4 31
=88 i

Question: VWhat is the perimeter, 2, of triangle A4 5 C shown below

G
2 ft
A a1t
251t
B

2 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Fectangles have two pairs oOf sides with the same lengths. So, we can find the
perimeter of a rectangle using the formula £ = 27 + 2w .

EXAMPLE B

Find the perimeter of a rectangular soccer field with a length, £ , of 100 meters
and awidth, w , of 60 meters.

w=60m

{=100m

P=20+2w
= 2(100 m) +2(60 m)
= 200m +120m
=320 m

Question: YWhat is the perimeter of a football field with 2 length of 110 meters and a
width of 49 meters?

w=49m

{=110m

3 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Sguares are rectangles with four equal sides, & . We can find the perimeter of a
square using the formula F = 4z, since s+s+s+s=45.

EXAMPLE C
Find the perimeter of a sguare with sides that are 10 inches long.

g=101in

F=dz
=4 [1 0 in)
=40 in
Question: What is the perimeter of a sguare with sides that are 7 inches long?

s="7T1in

4 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

The perimeter of a circle is called its eircumference. The formula for finding
the circumference of acircle is ' = 27 . The radius of the circle is represented
by . The radius is the distance from the center of the circle to any point on the
circle.

O =2rr

MNote:
* The symbol 7 is called pi.

s« Because g is a non-terminating decimal, it is sometimes rounded to
3. 14 The results of calculations that invole = are usually shown with
the = symbol or the = symbol, both of which show that the resultis an
approximate value, not an exact one. A more precise value for z is
3.14159265358979525584626433832795028541 971693993751, but even
this is an goaroximale value of = |
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| FORMULAS FOR PERIMETER, AREA, AND VOLUME

EXAMPLE D
Find the circumference of a circle with » = 3. (Use = =3.14 )

B
:273[3:]
=61
=6(3.14)
=18.84

Question: “What is the circurmference of a circle with » =57
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Area

You can find the area of a plane geometric figure by counting the number of unit
sguares it contains.

Example;

3 inches

5 inches
Sin % 3in=15in°

YWe see 15 unit squares. The areais 15 in® , which is read " 15 sguare inches "

The area of arectangle, A is the product of its length, § , and its width, w .

A= W

!

The area of a square with sides of length s is A = 52

7 oof 27
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| FORMULAS FOR PERIMETER, AREA, AND VOLUME

EXAMPLE E

What is the area of a tennis court with a length of 24 meters and a width of 11
meters?

A=lw
= [24 m)[ll m:l
= 264 m?

EXAMPLE F
YWhat is the area of a square garden with side lengths of 12 feet?

12 #
A=g?
= (12 ft)(12 ft)
=144 ft?
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| FORMULAS FOR PERIMETER, AREA, AND VOLUME

A parallelogram is guadrilateral (3 4-sided figure) formed with two pairs of

parallel lines. / /

EXAMPLE G

Find the area of the parallelogram shown Delow.

/

A=bhk
=7 in[3in)
= 21in?

Question: What is the area of the parallelogram shown below?

o/
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

To discover a formula for the area of atriangle, consider the image below:

basze

The dofted lines show that the area of the tiangle equals = the area of the

rectangle. y'ou know that the area of a rectangle is its lencth times its width, orin
other waords, as shown above, its base times its height A = bh  Because the

area of a triangle is L of the area of a rectangle, the formula for the area of a

|

2

triangle is 4 = %bﬁz _This can also be stated as 4 = 22

2

EXAMPLE H
Find the area of a triangle with a base of 6 in and a height of 4 in.
4 in
& in

sepiks

A= 5 bk
i .
= ?6 in [4 mj
=12 in”
10 of 27,
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| FORMULAS FOR PERIMETER, AREA, AND VOLUME

Extended Example 1

Find the area of a triangle with a base of 12 centimeters and a height af 5
centimeters.

5cm

11 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

A trapezoid is a quadrilateral with two parallel sides called bases; the distance
between the bases is the rapezoid's height. The area of a trapezoid is the
average of the bases multiplied by the height. b

_b+3B
2

A h

1z of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

EXAMPLE |

Find the area of a rapezoid with bases of Scm and Scm, and a height of Bom.

Sem

b+ 5
2
Scm+8cm

2

1%cm- &em

2
13.3. % cm?

Y

= 29¢cm”

h

-Bem

The area of the trapezoid is 39 sguare centimeters.

13 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Extended Example 2
YWhat is the area of a trapezoid with bases of 2m and 7m and a height of Sm?

14 of 27
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| FORMULAS FOR PERIMETER, AREA, AND VOLUME

The formula for the area of a circle is zr . (Remember £ = 3. 14 )

A=gr®

EXAMPLE J
Find the area of the circle shown (» = 2 in ). in

_r'El=f.rr2
Low 2
:E[E |n:]
;3.14(4 inz)
=12.56 in"

Question: Find the area of a circle with ¥ = 5 m .

15 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Extended Example 3

A pizza-has a radius of 9 inches. What is the area of the pizza to the nearest
sguare inch?

16 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Extended Example 4

A pizzeria offers two small pizzas with 10-inch diameters forthe same price as
one large pizza with a 16-inch diameter Which deal gives you the most pizza?

17 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Volume

The welume of a 3-dimensional figure is the nurmber of unit cubes needed to fil
it up.

EXAMPLE K
What is the volurne of the figure shown below?

height = 4 in
width = 2 in

length = 3in

The figure is 3 unit cubes long times 2 unit cubes wide times 4 unit cubes high,
There are 24 unit cubes total:

o= lwh
=i in[E in) [4 in)
=24 in?

This is read as "24 cuhic inches "
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

A prism is a 3-dimensional figure with two parallel faces. One of the parallel

faces is usually called the base of the prism. Prisms are often named for the
shapes of their bases.

Cylinder Cube Rectangular Prism |

K’Hr'-‘-h-‘tqﬁ\
e -

N\

e = mam

b

The volume of a prism is the area of its base times its height.

Volume of a cube: The area of the base is s so the volume is ¥ = &~ (the
area ofthe base, s2, times the height, s ).

19 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Volume of a rectangular prism:
The area of the base is Hw |, s0the volume is 7 = fwh

: i

EXAMPLE L

A local park is installing a sand volleyball court. The sand will cover an area 30

wards long, 20 yards wide, and 0.75 yards deep. VWhat is the volume of sand
needed o fill the court??

The problerm is describing a rectangular prism:

V= lwh
=R yd[EU ydj [D.?ﬁ yd:l

= 450 yd°

The court builders will need 420 cubic yards of sand to fill the court.

Z0 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Yolume of a cylinder:

The area ofthe base (acircle) is ar? sothevolume is 7 = zrih .

EXAMPLE M

Yhat is the volume of a cylinder with a radius of 5 inches and a height of
7 inches?

V= zrih
= 3.14[(5 in)” (7 in)
= 3.14[ 25 in? (7 in) ]
= 549.5 in’

The volume is approximately 349.5 cubic inches.

21 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

A pyramid is a 3-dimensional object whose base is a triangle, rectangle, et
and whose triangular faces meet at one point.

Rectangular Pyramid Triangular Pyramid

22 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

EXAMPLE N

What is the volume of a rectangular pyramid whose length is 3 m, width is 5 m,
and height is 13 m'Y

The area of the rectangular base is its length times its width, 7w, so0

= %-(hase area) - height

l
< R

=L(B3m)(5m)(15m)=75m’
The volume is 75 cubic meters.

EXAMPLE O

What is the volurne of 3 triangular pyramid whose base is 9 m, width is 4 m, and
hieight is 10 mY

The area of the triangular base is half its length times its width, é— w50

=
I

~(base area) -height

%.;.W.;g
(9 m)(4 m)(10 m)

= L(9 m) (4 m)(10 m) = 60 m’
The volume is 60 cubic meters.

Lal— La)— La]—

23 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

An object closely related to pyramids is the cone. Its base is a circle.

The volume of a cone is also L the area of its hase times its height.

3

EXAMPLE P

What is the volume of a cone whose radius is 3 inches and height is 7 inches?

The area ofthe cone's base is: z+2, 5o

V= % -thbase area) - height

1

= —arih
=~ (3in)? (7in)

2 %[3.14)(%2) (7in) = 65.94in°

The volume is approximately 85 .94 cubic inches.
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

Extended Example §

Find the volume of a fraffic cone thatis 12 inches tall and whose base has a
radius of 6 inches, to the nearest cubic inch.

25 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

A sphere is a figure shaped like a round ball.

4
The volume of a sphere with radius » is ¥ = EWS .

EXAMPLE Q

What is the volume of a sphere with radius 3 inches, to the nearest inch?

L

=
Il
=
=

I

(3.14)(3 i)’

1

Wi B | | =

(3.14)(27in) = 113.04in”
The volume of the sphere is approximately 113 cubic inches.

26 of 27
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FORMULAS FOR PERIMETER, AREA, AND VOLUME

EXAMPLE R

some scientists believe that shortly after the big bang there was a time when the
entire universe was a sphere only 10 inches in diameter, At that time, what
would the wolume of the universe have been? Round wour answer 1o the nearest
cubic inch.

4
The farmula for the volume of a sphere is ¥ = Emj . 3ince the radius is half

the diameter, if the diameter is 10 inches, the radius is 5 inches. 5o

.3
V:ir.r[ﬁinfz Az 125 0n |
3 3

This time we'll use 3.14159 for 5 .

4(3.1415%) 125 3
3

= 523 59 in”

Rounded o the nearest cubic inche = 524 in°

r

I

The wolume of the universe was about 224 cubic inches.

MNote:

s« Had we used the approximation 3.14 for = |, the result would hawve
rounded to one less than the corect answer (523 cubic inches). The
small round-off erar is multiplied by a large number and becomes
significant. It's better to use extra precision in such calculations and to
round off anly in the final step.

END OF LESSON 27 of 27
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Find the perimeter:

Ain

101n

Ain

Sin

Find the volume:

Draw and label the figure for which the given formula applies. Then find each
perimeter, area, or volume.
A= {=334meters, A =16.2 meters
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Find the Area:
19 ¢

A tent is made from four triangular pieces of canvas. The base
of each triangle is 2.6 meters; the height of each triangle is 3.1

meters. How many square meters of canvas are there in the
tent?
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A breakfast cereal used to be sold in a rectangular box that was
5 inches wide, 7.5 inches high, and 3.5 inches thick. To reduce
the volume of food in the package, the company reduced the
thickness of the box by 0.5 inch. By how much was the
breakfast food in the box reduced?

The perimeter of a square is 48 centimeters. The measurement of each

side is decreased by 4.5 centimeters. YWhat is the area of the smaller
square?
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OTHER USEFUL FORMULAS

Introduction

In this lesson, we'll discuss several formulas that are useful in evenyday life;

imple and Compound Interest
Fercent Discount

Mileage

Temperature Conversion

LInit Price and Cost of Multiple ltems

Module 5- Section 2- page 1



OTHER USEFUL FORMULAS

Simple Interest

When money is borowed from a bankto purchase a home or a car, the amount
borrowed is called the principal. In addition to the principal borrowed, a certain
percentage is added to the amourt owed each year. This percentage is called
the annual interest rate.

Example:

Suppose you borrow 100 from a friend, and agree to pay it back in one
year with an extra $2 added. In one year you would pay back your friend
F105.

This is an exarnple of & loan with a principal of $100 and an annual
interest rate of 5%. It is also an exarnple of simple interest, where
interest is paid only on the original principal.

Lsing simple interest, the interest, 7, earned on a principal amount of F dallars
invested for one wear at a constant annual percertage rate, » , can be
calculated using the formula;

fi=Pr

Module 5- Section 2- page 2



OTHER USEFUL FORMULAS

EXAMPLE A

A hank pays 5% annual (yearly) interest on a money market account, using
simple interest. How much interest does a $600 depasit earn in ane year?

T
= ($600)(5%)
= ($600)(0.05)
= $30

A $600 deposit will earn $30 in one year.

Question: If $1,300 is invested in an account earning 6% annual interest,
hiowe much interestwill the account earn after 1 year?

Answer ¥
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OTHER USEFUL FORMULAS

YWe now know that simple interest earned in one year is given by [ = Pr  where
F is the original principal and » is the annual interest rate. After one year, the
total amount, A, is the original principal £ plus the interest J |, so;

A= P4 d

=P+ Pr

By factoring out the £ on the right side of 2+ Pr  we get a formula that can be
used ta find the total amount in an account after one yvear of simple interest:

A=P(1+r).

EXAMPLE B

Using simple interest, a bank pays 9% annual interest on a money market
account. How rmuch will 2 $600 deposit grow to after one year?

A= P(1+r)
= $600(1+0.05)
=§600(1.05)
= §630

The account will be warth $630 after one year.

4 of 17
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OTHER USEFUL FORMULAS

EXAMPLE C
‘fou agree to pay back a loan of $100 infour years at an annual interest rate of
10%, using simple interest. YWwhat will be the total owed in four years?

The following table shows each year's interest being added to the total amount
owed, starting with a principal balance of $100.

Year Principal [Annual Interest Ending Balance
() ($) ($)
[ 1 || 10000 | 10.00 | 110.00 |
[ 2 || 10000 | 10.00 | 120.00 |
| 3 || 10000 | oo | 130.00 |
[ 4 || 10000 | 10.00 | 140.00 |
$100 Total interest | Total owed in 4 years:
borrowed $40.00 $140

Each year, the same fixed amount of interest is added ($10 in this example).
The total amount owed, A | is the principal & plus the fiked interest earned
each year. This could bewritten as A= P+»rF  where z is the number of
years for which an amount & is borrowed at an annual simple interest rate » .

The P can be factored out on the right side of this equation, giving us the
simple interest formula for the total amount after some number of years:

A P[l +m":l :
Using this formula for Exarmple C, we get the same result as was found above:
A= P[l +m")

=$100(1+4(0.10})
=$100(1+0.40)= $100(1.40) = §140

5 of 17
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| OTHER USEFUL FORMULAS

Extended Example 1a

$3E|',II|_EIEI'i$ invested in a simple interest_accnunt earning 4% interest per year.
After 2 years, how much maoney will be in the account?

Module 5- Section 2- page 6



OTHER USEFUL FORMULAS

Compound Interest

For most loans (mortgages, student loans, etc) interest is charged on principal
and any previously accrued interest. Such loans are said to be compounded.
Interest is usually compounded monthly but for this section we'll compound
yearky. (Monthly compounding involves formulas that are more complex.)

EXAMPLE D

After four years, what will you owe on a loan of $100 at a 10% annual interest
rate, using compound interest {compounded once a year)?

This table shows each year's interest calculated on the total amount owed,

T Principal (Yearly Interest Ending Balance
(%) %) ($)
| 1 || 10000 | 10.00 | 110.00 |
| 2 || 1wooo | 1100 121.00 |
| 3 || 12100 | 12.10 | 133.10 |
| 4 |[ 13310 [ 1331 | 146 41 |
$100 Total interest | Total owed in 4 years:
horrowed $46.41 $146.41

Each year, the amount of interest increases, since itincludes interest on
interest. The formula
A= P(1+r)"

describes A, the amount owed after » years if 2 dollars is borrowed at an
annual interest rate » , compounded yearly. For Example D, this formula gives:

A=P(1+rY" =§100(1+0 10y
= $100(1.10)* = $100(1.4641) = §146.41

7of 17
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OTHER USEFUL FORMULAS

EXAMPLE E

Using cormpound interest, 3 bank pays 5% annual interest on a money market
account. How much interest will be added to 3 $600 deposit after 2 years?

After 2 years, the amount, A, can be calculated as follows:
A= P{14+7)" = $600(1+0.05)°
= §600(1.05)°
= $600(1.1025)
=§661.50
The interest added after 2 years is $61 .80,

EXAMPLE F

If $2,000 is invested in an account at an interest rate of 4% compounded
annually, what will the account balance be after 3 years?

A=P1+r)" = $2,000(1+4%)°
= §2,000(140.04Y’
= $2,000(1.04)°

= £2,000(1.124864)

= $2249. 728000 = £2,249 73

After 3 years, the account balance will be $2,249.73. (Mote that we rounded our
solution to the nearest hundredth, since that makes centsl)
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| OTHER USEFUL FORMULAS

Extended Example 2a

If $30,000 is invested in an account at an interest rate of 4% compounded
annually, what will the account balance be after 2 years?
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OTHER USEFUL FORMULAS

Percent Discount

A discount is the dollar amount by which an origingl price is reduced. Percent
discount is the percent taken off of the original dollar amount.

EXAMPLE G

Before being put on the 40% off rack, 3 pair of jeans was $42 . How much are
the jeans now?

First, we need to figure out the discount. We know that the discount rate is 40%
of the ariginal price.

Sor (40%)(542) = (0.40)(542) = $16.80
The sale price is $42 - 516 80 = £25 20

EXAMPLE H

Before being put on the 40% off rack, a pair of jeans was $42. How much are
the jeans now?

You're not experiencing "deja vu " We just asked this in the last example; this
time we'll take a useful short-cut. The point is; if the price is 40% off, then you're
paying forthe remaining 60%. S0 the sale price is 60% of the original price, or

(60%)($42) = (0.60){$42) = $25 20

10 of 17
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OTHER USEFUL FORMULAS

EXAMPLE |

A pair of shoes was reduced from $90 to $63. What is the percent discount of
this reduction?

The dollar amount of the reduction is $27 because $90- 563 =§27 Tofind
what percent $27 is of $90, we divide $27 (the dollar amount of the discount) by

$£00 {the original dollar amount): % = % === 30

The shoes were reduced by 30%.
The formula for percent discount, & , on a purchase where P represents the

original price and % represents the sale price is; & = [P_;‘S’) S100%

Question: YWhat is the percent discount of an item reduced from $120 to $1007%

11 of 17
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OTHER USEFUL FORMULAS

Mileage
Mileage is the number of miles that a wvehicle travels per gallon of gas. We
divide the miles driven, & , by the number of gallons of gasaline used, g, to

figure the mileage, »2 (which gives us "miles per gallon™):
of

=
g

EXAMPLE J
Starting with & full tank of gas, Eric drove 275 miles from Los Angeles to Las
vegas. In Las Yegas he filled up his tank again with 7.6 gallons. What was his
rileage for the trip, rounded to the nearest tenth?

Eric drove 273 miles on 7.6 gallons of gas. His mileage was:

= i; = 36.2 mpo.

Question: Maria drove to wisit a friend who lives 150 miles away. She started with
a full tank of gas. After she arrived, she filled up her tank again. It took &
gallons. How rany miles per gallon (rmpg) did her car travel on the drive?

1z of 17
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OTHER USEFUL FORMULAS

Temperature Conversion

Two temperature scales commonly used are Celsius and Fahrenheit. On the
Celsius scale, the freezing point of water is 0° and the boiling point of water is
1007 . On the Fahrenheit scale, the freezing point of water is 22" and the
bailing paint of water s 212°.

The relationship between these temperature scales is expressed by two

formulas:
3 9
= Fa3pe) T S
9 5
Examples:
Express 68°5 in Celsius: | Express 20°C in Fahrenheit:
5
C=—(68°-32) o
G LTS
5 5
=5 36 = 54° 4+ 32°
= 20° T

13 of 17
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| OTHER USEFUL FORMULAS

Extended Example 3a
You drive by a bank and see that the temperature is 23°C" . What is the
temperature in degrees Fahrenheit?

14 of 17
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OTHER USEFUL FORMULAS

Unit Price
Unit price is the cost per pound, ounce, gram, or other unit measure.

To find the unit price, « , of an item, divide the total cost, |, by the number of
units,

[
H=c+x 0Ny =—.
A

If wie know the cost per unit and we want to buy multiple units, we have an easy
way to find the total price.

The cost per unit z multiplied by the number of units # equals the total cost ¢ ¢
o= M

EXAMPLE K

The price of one gallon of gasoline is $1.499. How much will it cost to fill an
11.5-gallon tank? Round your answer to nearest hundredth.

c=ae=115=x51499=517.23585 rounded to$17.24.

Question: A 15.5-0unce can of soup costs $2.79. What is the cost per ounce?
(Motethatr =1can =15.5 0z )

15 of 17
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| OTHER USEFUL FORMULAS

Extended Example 4a
It costs $5,000 to run a factory for a month plus another $3,000 o produce 70
washing machines. How much does it cost to produce 1 washing machine?

16 of 17
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| OTHER USEFUL FORMULAS

Extended Example 5a

A 20-ounce can of olives sells for $5.99, A 12-ounce can of the same olives sells
for $3.99. Which is the better buy?

17 of 17
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YWhich is the better buy: & 472-milliliter bottle of salad dressing for $0.67 or
a 952- milliliter bottle for $1.347

Find the total amount of money in the savings account after
the given time period, assuming simple annual interest.
P =1§8,000 r=9.0% t=35 years

Find the total amount of money in each savings account afte
the given time period, assuming compound interest (compounded annually).
F=1%4,755 r=8.75% t=2 years
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Find the number of miles of gasoline per gallon: distance = 4935 miles, gallons

=225

- -
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RATIOS, RATES, AND PROPORTIONS

%

- N

Introduction

In this lesson we'll define ratios, rates, proportions, and similar triangles . We'll
see ways in which these concepts can be applied to reakworld situations.
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RATIOS, RATES, AND PROPORTIONS

Definitions

A quotient is a ratio of two guartities, with or without units.

A ratio is & guotient in which the numeratar and the denorninator have the same
units, or both have no units at all. Actually, when the units are the sarme in the
nurmerator and denominator the units can be canceled, leaving a fraction.

Exarmple: Brooke's humminghird feeder containg a mixture of 1 tablespoon of
corn syrup and 8 tablespoons of water. The ratio of corn syrup to water is

Ttbsp 1 Tbsg 1

tbsp 8 e 8

A rate is a guotient in which the numerator and denominator have different units.

Examples:
A caris traveling at a speed of 65 miles per hour. The car's rate of speed is
63 miles _ g5 miles — 65mph.
1 hour hour

A robot builds 58 Tvs per week. The robot's rate of T production is
58 Tw's 59 T's

1 week weak

A doll factory can produce 1,600 dolls per 8-hour work day. The doll
factory's hourly rate of doll production is;
1,600 dolls 200 dolls 500 dalls

2 hours 1 haour hours

= 200 dolls per hour.
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RATIOS, RATES, AND PROPORTIONS

An eguation with 2 guotient on each side of the equal sign is called a
proportion.

Ifwou can say of a set of guantities that "Aisto B as Cisto D" then you can
wiite down a corresponding proportion:

i e ]

Fi
Ciften one of the quantities is unknown and has to be sokved for,

If wie multiply both sides of a proportion by the product of its denominators, all
the denominators are canceled:

4 C
B D
sn. A _gzp E
B D

RD4 _ BHC
X y 4

Al = B

This results in each side being the product of its numerator and the opposite
denominator. Jumping straight to this conclusion is called cress-multiplying:

o £>§£ = )= B
B D D

3 of 16
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RATIOS, RATES, AND PROPORTIONS

EXAMPLE A
The guaotient of x and 7 equals the quotient of 5 and 2. Setup a proportion and
solve for x .

Step 1: "The guotient of x and 7" is % YWe're told this equals "the quotient of

5
5 and 2" o Set this up as a proportion by equating the two guotients:

2
g 2
Step 2: Cross-multiply;
2x=5-F
2k =33

Step 3: To solve for x, we need to isolate it on one side of the equation. We
can do this by dividing both sides of the equation by 2:

2 3% o Fx B 85 ias
> 3 5 5

7

4 of 16
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RATIOS, RATES, AND PROPORTIONS

Extended Example 1a

Solve the proportion i
X
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RATIOS, RATES, AND PROPORTIONS
Extended Example 2a

Solve the proportion z—? = ﬂ Round your answer to the nearest tenth.

8.3
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RATIOS, RATES, AND PROPORTIONS

EXAMPLE B
If one day you purchase 5.3 gallons of gas for $12.67, and the price doesn't
change, how much will 23.9 gallons cost?

This can be rephrased as"$12.67 isto 53 gallons as x isto 23.9 gallons," and
can be written as the proportion:

§1267 &
5 3gal  23.9 gal

Cross-multiplying, we get
3312.6?(23.9 gaI:l = x[5.3 gal).

To solve for x we need to isolate it on one side of the equation. We can do this
by dividing both sides by 5.3 gal:

$12.67[23.9 gal) x[5.3 gal)

[5.3 gal) [5.3 gal)

$12.67(23.9 ) _ x (5. 3-42T]
CER T

F202.813
R s b s

53
$57.13452830=x

The price of 23.9 gallons of gasaline will be $57 13

7 of 16
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RATIOS, RATES, AND PROPORTIONS

EXAMPLE C
If the cost to obtain a license for a boatis $13 for every $1 000 of the cost of the
hioat, how much would it cost to get a license for a sailboat that cost $42 0007

Step 1: Wyrite a proportion involving two ratios.

13
"$13isto$1,000 as x isto$42000" - . e

$1.000  $42.000

Step 2: Cross-multiply: $13($42,000) = x($1,000)

£13(842,000)  x(§L607

Step 3: Solve for x . =

$1,000 W

ar
_ $13($42,000)

X = =§546
1,000

It will cost $546 to license the sailboat.

g of 16
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RATIOS, RATES, AND PROPORTIONS

EXAMPLE D

The Deuce Painting Company sends two painters, Ray and Charles, to paint a
house with 8 rooms. Each painter's income is based on the proportion of work
he does. Ray paints 5 of the rooms and Charles paints the other 3. They are
paid a total of $500. How should the money be divided between them?

Step 1: The work done by Ray over the total work done must equal the money
paid to Hay over the total money paid.

Work done by Ray 5 Paid to Ray

Total work done Total § paid

5 rooms %

8 rooms  $500
Step 2: Cross-multiply. (5 rooms)($500) = z(8 roams)

Step 3: Solve for x by dividing both sides by 8 rooms:
[5 rnnms) [5500) x[B rnnms)

[Brnnma) [8 rnnma)

(5 1oens) ($500)  x [TTwesgg)

Boem)  TEreag
3325[1L‘J=x
8

% =§z212.50

Ray is owed $312.50. We could solve a similar proportion to find Charles' salary,
hut since Ray earned $312.50 and they were paid a total of $500, then Charles
earned $500- $312 80 =$187.40.
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RATIOS, RATES, AND PROPORTIONS

EXAMPLE E

John and Isabella want to drive from Spokane to Seattle. They plan to drive 635
rmph, and the distance is about 280 miles. How long will it take thern to make the
trip?

Step 1: Write 3 proportion (since time is the quantity represented by the
variahle, we'll choose the variable £, since it stands for time).

&5 miles 280 miles

T hour i

Step 2: Cross-multiply. ¢(65 miles) =1 hour {280 miles).

1 hDUF[ESD milesj
&5 miles

Step 3: Solvefar:. = =4 3 hours

It will take therm about 4.3 hours to make the drive.

It's cormmon to express this in terms of hours and minutes:
4.3 hours =4 hours+ 0.3 haurs

o

= 4 hours + (0.3)[60 min)
= 4 hours + 18 min

= 4 hours 18 min

10 of 16
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| RATIOS, RATES, AND PROPORTIONS

Extended Example 3a

Janine's power bill said she used 160.4 kilowatt hours of enerdy, and she was
charged $33.68 . vWWhat was the cost of 1 kilowatt hour of energy?

11 of 16
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RATIOS, RATES, AND PROPORTIONS

Comparing Rates

In order to compare rates, it's often useful to make the denominators equal one.

For example, if you travel 300 miles on 10 gallons of gas, you're getting

200 miles 30 miles
10 gallans 1 gallan

= 30 miles per gallon = 30 mpg .

We just divided the 300 in the numerator by the 10 in the denorminator.
Afterward, the 10 becomes 1.

EXAMPLE F

Suppose Yvonne travels 300 miles on 10 gallons of gas, while Sri Ram travels
468 miles on 13 gallons of gas. Who's car will use |ess gas on a 600-mile trip?

YwOnne's car gets 30 mpg (see the example above).

468 mil
But Sri Ram's car gets —— 2
13 gallons
Divide the 468 by 13, and you get 36, 50 5r Ram's car gets
36 mil
2% MUER cmeming,
1 gallon

Sri Ram's car gets better mileage and will use 18ss gas on a 600-mile trip.

Module 5- Section 3- page 12



RATIOS, RATES, AND PROPORTIONS

EXAMPLE G

Jose paid $15.40 for 9 22 gallons of gas, while Marie paid $23 44 or 13 .92
gallons of gas. Who got the better deal?

Divide each numerator by each denorminator to make the denominators equal to
1 and youwill hawve the price per gallon for each purchase:

: £15. 40 £1.670281996 S
Jose: = =167
9.22 gal 1 gal gallon
— £23 44 . F1 683902046 ~ 168 §
13.92 gal 1 gal gallon
Jose got a slightly better deal.
i3 u:uf?
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RATIOS, RATES, AND PROPORTIONS

Similar Triangles

Triangles that have the same shape, but different sizes, are called similar
triangles. Two triangles are similar whenever one is an enlargerment of the

other.
C
;

a ' B

A

For such triangles, ratios of similar sides are equal. For example, for the two
similar triangles above it's true that

"Adisto £ asa isto A" — i:i
i) &
"distoC asaistoec” = i:i
4 c
And also,
"@isto A asdisto B - i:i
A B
"Cistoec as Aistoa” — E:i etc.
o 3

This principal is true for any geametric figures that vary not in their shape but
only in their size. There are similar rectangles, similar pentagons, etc. Faor all
such figures, ratios of corresponding sides are egual.

14 of 16
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RATIOS, RATES, AND PROPORTIONS

EXAMPLE H

Given the similar triangles
shown in the figure, find x

Round your answer to
the nearest tenth.

15.7

51.2

"The base of the little riangle is to the base of the big triangle as the height of
the little triangle is to the height of the big triangle.”

"risto91Zas M4isto1o7" = i =M

ML S

Cross-multiphy:
x(15.7) =(51.2)(11.4)

15.7x = 583.68
Mow divide both sides of the egual sign by 15.7 and round o the nearest tenth:
157x _ 583.68
157 157
TSJx  583.68
™ 157
x = 37.17707006
x =372

15 of 16
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RATIOS, RATES, AND PROPORTIONS

Extended Example 4a

Given the similar triangles
shown in the figure, find z .

Round your answer to
the nearest tenth.

16 of 16
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: _ X+
Find the missing term: — =

A customer sees an ad for 4 tires for $150; but she wants 5 tires so she can
use the extra as a spare. How much will the S tires cost?

Af a manufacturing plant, there are 14 defective spark plugs in each box of
500 plugs that is produced. How many defective plugs will there be in a

day's production of 30,000 plugs? (Set up and solve a proportion to find
the answer.)
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It a six foot tall man casts a shadow that is -1T ft long, and a flag pole casts a

shadow that is 30 ft long, how tall is the flag pole®?

Stan and Emma earned $330 mowing lawns. Emma mowed 8 lawns, and
stan mowed 7. How should they divide the profits?

For the similar triangles, solve for the variable.
Round your answer to the nearest thousandth.
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THE PYTHAGOREAN THEOREM

Introduction

This lesson introduces the Pythagorean Theorem, o2 = ¢ + &2 and shows

hiowy to Use it to determine whether a given triangle is a right triangle. This
theorem is one of the most famous theorems of mathematics, and one of the
aldest. It was independently proven in ancient India and in China, as well as in
ancient Greece,

1oflz
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THE PYTHAGOREAN THEOREM

A right triangle is a triangle with one interior right angle (a 907 angle).

The following are exarmples of right triangles (the O indicates a right angley:
¥

] a

ot

The longest side, the side opposite the right angle (side ¢ inthe examples), is
called the hypotenuse. The other two sides may be referred to as the legs.

The Pythagorean Theorem: In any right triangle, the sguare of the length of the
hypotenuse equals the sum of the sguares of the lengths of the other two sides.

o =g+ p?

r

i)
The converse is also true: If the sguare of the length of one side equals the sum

of the squares of the lengths of the other two sides, then the triangle is a right
triangle.

Z2of 1z
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| THE PYTHAGOREAN THEOREM

EXAMPLE A
Apply the Pythagorean Theorem to
determine whether the triangle shown
is a right triangle.

c? =a?+p*

52 =32 442

25=9+16

Zhi=23 ‘/TES, it is a right triangle.

EXAMPLE B
Apply the Pythagorean Theorem to

determing if the triangle shown is 2
right triangle.

pd = pd 43R

132 =52 4122
169 = 254144
16927168 J‘r‘es, it is a right triangle.
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THE PYTHAGOREAN THEOREM

EXAMPLE C
Apply the Pythagorean Theorem to determing if the triangle below is a right
triangle.

a
6
5
c? = a? 4+ p°
82 = 52 462
bd = 25436 X Ma, this is not a right triangle.
64 2 61

EXAMPLE D
|5 a triangle with side lengths 7, 24, and 25 a right triangle?

Square all the side lengths:
74=49, 24 =576, 25°=625
Does the sum of the two smaller squares equal the larger square?
724247 = 494576 = 625 = 25° ‘/

Since the sum of the sguares of the two smaller sides equals the sguare of the
hypotenuse (the longest side), this is a right triangle.

4 of 12
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THE PYTHAGOREAN THEOREM

Question: Is a triangle with side lengths 9,12, and 14 3 right triangle?

Question: Is a triangle with side lengths 11, 60, and 61 a right triangle?

Module 5- Section 4- page 5



THE PYTHAGOREAN THEOREM

From army right triangle, you can make more right tiangles by doubling, tripling,
etc., the lengths of all sides.

Example:
20
2 3 — o O — 12
[
4 : B
Mote that these are similar triangles. 16

Recall that if x is nonnegative, and x° = A then x = 4 .

Forexample, 2°=9 = x=.9=3

Sometimes square roots can't be calculated exactly. Luckily, inexpensive
calculators can approximate them to great accuracy.

Forexample, x° =2 = x=-/2=1414213562

Mext we'll use the Pythagorean Theorem to work with right triangles that hawe
side lengths that are notintegers.

6 of 12
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THE PYTHAGOREAN THEOREM

EXAMPLE E

Supposethat @ =3 4 and & = 5.7 are lengths of the sides of a right triangle
with hypotenuse ¢ . Find the length of ¢ . Round your answer to the nearest
hiundredth.

Using the Pythagorean theorem, we get;

6% gt

w2 43R 5 72
S TSE 32
= 44.05

Mow we take the sguare root of bath sides of the equation.
c4 = 4405

Jo2 = 3305
e =405

Use your calculator to compute +f44.05
vy
= 6637017402
= 6 64

7of 1z
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| THE PYTHAGOREAN THEOREM

Extended Example 1a

Suppose that @ = 5.1, and & = 3.8 are lengths of the sides of a right triangle
with hypotenuse ¢ . Find the length of ¢ . Round your answer to the nearest
hundredth.
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THE PYTHAGOREAN THEOREM

When you know the length of the hwpotenuse, ¢, but don't know the length of
one of a right riangle's legs, you can use one of the following equivalent forms of
the Pythagorean theorem:

2 e i 2

EXAMPLEF
Consider the right triangle in the figure. "
fe=87andae=42 thenk="7 b
Round wour answer to the nearest tenth. =

This time we know the length of the hypotenuse, but not one of the legs, so we
need to use an alternate form of the Pythagorean thearerm:

E:'E: -:72—.:32

22 = (3.7)% - (4.2)°
B2 =7569-17.64
52 =58.05
b=458.05
&=+58.05

A=TE613055060="746

2of 12
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| THE PYTHAGOREAN THEOREM

Extended Example 2a

Consider the right triangle in the figure.
f e=53ande=3258 then&=7

Round your answer to the nearest tenth.

10 of 12
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THE PYTHAGOREAN THEOREM

Animportant geometric fact about triangles is that the sum of all the internal
angles in any triangle always equals 180 degrees. This fact can be used to find
the degree measure of a missing angle if the other two angles are known. To do
50, you simply subtract the measures of the known angles from 130 degrees.

EXAMPLE G
Find the degree measure of the missing angle in the triangle shown below,

AR
= 180° — 44° — g4°
i

The missing angle is 52 degrees.

11 of 12
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| THE PYTHAGOREAN THEOREM

Question: A triangle has two intemal angles that are 74 and 21° .
Find the measure of the third angle, angle & .

Question: A triangle has two intemal angles that are 28° and 82°.
Find the measure of the third angle, angle .

Question: A triangle has two intemal angles that are 39° and 93
Find the measure of the third angle, angle A4 .

1z of 12
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Dioes the following describe a right tiangle? YWhy orwhy not?

The three sides are E yvard, 9 inches, and 1% inches.

Find the missing side c. If the answer isn't a whole number,
then round your answer to the nearest hundredth.
@ =15 meters £=20 meters

Find the length of the right triangle that is not given {assume "¢ is the
hypotenuse) @ =10 cm o= 26 cm
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Find the missing side b. If the answer isn't a whole number,
then round your answer to the nearest hundredth.
c=13.8 a2=19

How much distance is saved by cutting diagonally across a lot 60 feet by 80
feet instead of walking along its length and then its width? (Hint: draw a
sketch )

Module 5- Section 4- page 14



THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

Introduction

In this lesson, we will discuss rectangular coordinates known as Cartesian
coordinates. e will also learn how to apply the distance formula to find the
distance hetween two points.

Legend has it that the French mathematician Descartes developed the
Cartesian Coordinate Systern while watching flies crawl over tiles on his
bedroom ceiling.

1of 11
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

Rectangular coordinates are used to
determine the exact location of points
in a coordinate plane. To specify
points using rectangular coordinates,
we LUse two perpendicular number
lines.

The horizontal number line is called
the x-axis of the plane, while the
vertical number line is called the y -
axis. The lines intersect at their zero
points; this intersection is called the
origin.

The rectangular coordinates of a
point, & |, in the plane is specified by
using what is called an ordered pair
of nurmbers: (x,» ). The first number,
x (the x-coordinate of point 7, is
the distance of F from the y -axis
(the vertical one). The second
number, ¥ (the y-coordinate of 7,

measures the distance of 2 from the
x-ax¥is (the horizontal one).

r

L

2 of 11
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

EXAMPLE A
Plot the following two points: P = (5,3) and @ = (—4,6).

This means to put dots at the two points specified by the given coordinates. We
start at the arigin. The first number tells us how far to go to the right (or left if it's
negative), while the second number tells us how far to go up (or down if it's
negative).

To plot point & = [5, 3), start atthe arigin and go & to the right (because the x-
coordinate is positive), and then 3 up (hecause the ¥ -coordinate is positive),

and put a dot there. Similarly, to plot & = [—4,6), start at the arigin and go 4 to

the [eft (hecause the x-coordinate is negative), and then go 6 up (because the
¥ -coordinate is positive), and put a dotthere.

J‘Erl
Il 1] le HIN
8 -
|
N .._.__'?. | I —
L [T
48y | | |
D i o i
B I 5 LAGE

| | I .

11 B
J_I_ ___1_ |_! 'Y
N I 2O I O

R | ]
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

EXAMPLE B
Plot the following two points: & = (—4.-5) and & = (3.-4).

This means to put dots at the two points specified by the given coordinates. The
first number tells us how far to go to the right (or left if it's negative), while the
second nurmber tells us how far to go up (or down if it's negative), starting at the
arigin.

To plot point & = [—4,—5) , start at the aorigin and go 4 to the left (because the
x-coordinate is negative), and then down 5 (bhecause the y -coordinate is

negative), and put a dot there. Similarly, to plot S = [3,—4] , start at the arigin

and go 3 to the right (hecause the x-coordinate is positive), and then go down 4
(hecause the y-coordinate is negative), and put a dot there.

¥

L

ks
£
L

St

4 of 11
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

As ol saw in the examples above:
o« A positive x-coordinate means that we go right, the positive direction on

the x-axis.

e Anegative x-coordinate means that we go left, the negative direction on
the x-axis.

s A positve v -coordinate means that we go up, the positive direction an
the y-axis.

«  Anegative y-coordinate means that we go down, the negative direction
on the ) -axis.

The axes divide the coordinate plane into four quadrants, which are labeled
counterclockwise using Roman numerals. In the diagram below, the ordered
pairs show the value of the x-coordinate and » -coordinate in each guadrant.

For exarnple, in Quadrant Il the x-coordinate is negative and the y -coordinate
5 positive

¥
Cuadrant IT g Cuadrant I
ERCRE
2
1
5432 PT234586 x
Quadrant I )| Quadrant 1v
) 3 &)

5 of 11

Module 5- Section 5- page 5



THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

Question: Plot the following points and note the gquadrant each paint is in.
a) (—4.3)
by (5.4)
i 452
di (3,-5)

Module 5- Section 5- page 6



THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

The Distance Formula

In the graph shown below, we can compute the distance between paoint 4 and
point B in this way: connect the two points with a straight line segment. Make
that line the hypotenuse of a right triangle, and then use the Pythagorean
Theorem. This process is streamlined by using the distance formula, which we
will nowe discover.

JLF
The distance between A and £ corresponds to N ——t
o in the Pythagorean Theorem, ¢2 = a2 452 ————A4L
HE I EIED A,
The length of side ¢ can be found by | 1| '3 | b
subtracting xy — xq - o ! 3
- - T
Similarly, the length of side & is found T !
by y2 -1 RS T
Substituting this information into the Pythagorean Theorem gives:
2 2 2
e =(xg—x )"+ (2-n)"
Taking the sguare root of both sides yields the distance formula.
{3 2 2
e \/[Ffz = x)" + (2 - )
2 2
G \,[xz SR g
We replace ¢ with & to indicate distance:
2 2
d = «f(xz =R
7 DH:L_
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

EXAMPLE C
Find the distance, & , between P = (4,-3) and 0 =(-1,9).

Step 1: Plot the points.

a1 l,i}
Step 2: Draw a right triangle. '

Step 3: Find the length of the two legs.

Subtract the x-coordinates:
g —H=—l-4=r5,

Subtract the ¥ -coordinates: 2
ya-y=9-(-3)=9+3=12

Lat]

T

Step 4: Use the Pythagorean Theorem: |t

d =~J52+122 =.\.|’25+144 =J159 = | T Fra -3

===

n

Use the Distance Formula:
2 2
d = \/[xz —x)" + {2 - 1)
= .J[—l—r—'ljz +(9-(-3))° =452 +122
= 25+ 144 = 165 =[13]

g of 11
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

EXAMPLE D
Find the distance, & , between P = (=7,3) and Q = {5,6) . Round your answer
to the nearest hundredth.

Using the distance formula, we get;

123653165 =12.57
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

Question: What is the distance, 4 , between A =(6,4) and B =(-3,-2)7
Use the distance formula.

10 of 11
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THE CARTESIAN COORDINATE PLANE AND DISTANCE FORMULA

Extended Example 1a
Find the distance between the points (9,7) and (6,—-4) .
Approximate the distance to the nearest thousandth.

11 of 11
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In which quadrant (—25,412) is point located?

Find the distance between these points: A (—3,-12) and 5 (3,12)

Find the distance between these points: L (=7,5) and & (2,2)
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