MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Intreduction

After completing this section of the course, you will know how to simplify,
rultiply, and divide radical expressions invalving sguare roots, cube roots, and

2" roots. You will also gain an understanding of the algebraic rules for radicals.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Review

Recall that 4x is a simple example of a radical expression. The symbal +/

is called a radical, and the number or expression under the radical is called the
radicand.

Suppose that A is a non-negative real number. Then we can write
ﬂ = B wheneveritis true that 4= 52

So it is correct to write ul"_ =2 ,sinceitis rue that 4 = B

Motice that when A is negative, a new situation is presented: JE = A means
that-4 = B4 However, A cannot be negative if it equals B2 . since B? cannot
be negative (32 is positive for any real number 5. The sguare root of 3
negative number is not a real numkber,

The term s¢quare root comes from the observation that a square with area A
hias side lengths all egual to JE

If A represents a nonnegative guantity, then A% =4,
It is impartant to realize that both sides of this equation are positive. But what

happens if A represents a negative quantity? Or what happens if 4 represents
hoth positive and negative values? Then we can say that

Ja2 = |4,

The absolute walug on the right side of the equation makes the equation true no
matter what real number A may represent, since absolute value is positive.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

The following properties are very useful in simplifying, multiphying, and dividing
square roots. The Roman numerals will be used |ater to refer to each rule. Note
that these rules assume that the variables represent non-negative quantities .

Algebraic Properties of the Square Root
fA=20and 820 then:

e "The product of radicals is
. ANB =48 the radical of the product.”

Q]

A i : ; ;
I CC The guotient of radicals is

J4
JB ' the radical of the quotient "
[ 42

B 3 2 "Sguaring a square mat
=44 = (“‘E) =4 | aliminates the radical."

First we will focus on using these rules to simplify square roots. Refer to these
rules as you read through the following examples. Remember that the formulas
above may be read from left to right, or from right to left

MNote:

= |1 this section of the course, all variables represent non-negative gquantities,
unless otherwise stated.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Simplifying Square Roots

The three algebraic properties of the square root are the keys to simplifying
square roots. The main idea behind the simplification of square roots is part of

Fule I,
JA2 = A,

for nor-negative values of A . Taking the square root of a sguared guantity
eliminates the square. In other words, the radical symbal cancels out the 2
exponent. Finding the square roct of a perfect sguare is an easy simplification.

Using Rule |, /4 8 =48 ,we can also simplify the sguare root of a
nurmber that has a perfect square factor, as shown in the next example.

EXAMPLE A
Simplify: L

The radicand can be written as the perfect square 25, multiplied by 3
Applying Rule | allows us to then apply Rule NI, thus simplifying the radical:

4 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 1a

Simplify: JI?DD .
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Often it is necessary to find the prime factorization of the radicand first, and then
apply the sguare root properties o simplify it

EXAMPLE B
Simplify: J720

First, we calculate the prime factorization of 720
720=72-10
e M
=8.9.2.5
SR o R
=2.2.2.2.3.3.5
=2%.3% 3

Then, using Rule 1, @E =JAE  we get
I
720 =424 325 = ot 25

Noticethat 2% =2.2.2.2-4.4 = 4%

Using Rule I, 4% = 4

=\F.E.£E4.3.£:12\E.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

study the square roots in Example B on the previous screen. Notice that

ot W3 =273
Taking the sguare root in each case cut each exponent in half. If you remember
that the radical syrmbol af_ resembles the long division symbol || . WOu Can
think of & sguare root as the division of the exponent by 2. Since sguare roots

divide exponents by 2, they are sometimes written with a 2 4 = &4 The 2
i5 usually not written, but it's helpful to think of it as being there.

Using Rule I, Jd.f8 = .J4B ,Y0U can write 3 product under one radical, or
break it up into a product of radicals:

\{'212 L2l 522 _ _szlz _V(BIE _\/522 _ 6 28 sll

Sowe could have written; 2'«"'212 Seo s WG L

This works equally well with non-negative variables:
2
18 W I B L

Simplifying a sguare root is as simple as dividing an exponent by 21 This is a
consequence of Rule lll, /4% = A, along with the exponent rule
(4m)" = am ™

m : {/(aﬁ)z : (E:'E;lz b (611)2 ]il ] I

Module 11- Section 1- page 7



MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

EXAMPLE C

Simplify; 5621 |

First, we calculate the prime factorization of 26
=8 F=00.2 =57

Lsing Rule I, JE@ =/ AE  and then Rule Il . A e get:
I
J56a501* =03 7 2% 514 = 23 7 faf 10
I
S SO

Yie can use Rule | one mare time, if we first write JE'T = -V'{f—z
T T b T AT
BT e
a E.E.ﬁ.f.gﬂ
M F s
Lastlhy, combine the two radicals under one radical using Rule | and put the

resulting radical to the right of the other factors (the preferred order for products
invalving a radical);

I
= 2.4 b 2.7 = 2478714

g of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

In Example C, you may have wondered what to do ahout the /2% | since 3 is
not divisible by 2. We rewrote it as

V=i =t B =

Look carefully at the process. YWhen we divide 3 by 2 we think, "Two goes into
three once, with a remainder of one." Look again at what we did. YWe can write in

the exponents of 1, since for all real numbers, @ = a*:

2,!23 oy nl |"21
"Two goes into three once, with a remainder of one"

From now on, we will simplify radicals in this simple way. Notice how the
remainder remains under the radical.

vou will need to Use a couple of exponent rules, so you may want to review
these exponent properties:

g? =1

ﬂlzﬂ

Also, we will use Rule | without alwsys stating it. For exarnple:

ﬁfa-b-c-c=£.£.£.£

You can take the square root of a product by taking the square root of each
factor. It's often easier to just have one radical over evendhing instead of having
to write out each separate radical.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS
Extended Example 2a
Simplify. /2882

10 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

So far we have not used the second property of sguare roots, " The radical of a
guotient is the quotient of the radicals " This property is examined below.

Simplity |'18

4
2

a gquotient of radicals:

EXAMPLE D

||ﬂ
First, use Fule I, E £ =0, totransform the radical of a guotient to

T o B
25 J25

Factorthe radicands, and then use Rule | to write a radical of a product as the

product of radicals:
237 1 Z R
J5? 57
Finally, use Rule Il and then reorder the terms with the radical on the right;
ZoAE W B 32
P~ A T
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 3a

12 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 4a
#1327
Sirmnplify: o
3

13 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

EXAMPLE E

Simplify: 30wy +/24wily? |

We canwork out each radical separately, butit's easier to cornbing them under
one radical. Do not multiply all of the numbers, though, since we will need those
numbers later in the prime factorizations. So, we first factor the radicands’
coefficients, and then combing the radicands under one radical (Rule |1

20w J2awt = 20305 w5 T 428 3 wllR
:J24-32-5-w5-w”-v?-v3
_ N.f24 32 5 ot 43

= ot 32 5l 8 00

Mow divide each exponent by 2. In each case, the remainder remains under the
radical:

:22-31-w3-v5-\f5_1

=] EWEVSJ‘_'-T
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

EXAMPLE F

SIMpiify: 30w 7 + 4f2dwlv?

Start by writing this problem as a numerator over a denominator, and factor the
coefficients. Thenuse Rule |l (so we can cancel the commaon factors):

NETTES \{2.3.5.w5v?
11,3 gdiag mlded

. . a
Mow we can cancel. It is simplest if we use the exponent rule, — = a

II:Ii"!
T T _\)21—3__3__5_w5—11_v?—3

_ \/2_2 Do O ym
1

Eliminate the negative exponents using the "elesator rule”:

5 ’ Gyt
22wt
Finally, use Rule |l and then divide each exponent by 2;
§at vt B 5ty
\I{E:e " %{2 2 6
: \',5_1 B NG
e

m—n

VE
b

Dy
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 5a

Sif’nplffy:: ‘\{ng?y3 JEélxgys ;

16 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Rationalizing Denominators (Part )

Sometimes a sguare rodt remains in the denaminator after simplifying an
EXpression. An expression is considered more simplified if there are no radicals
in the denominator. A final step is sometimes needed to remove any unwanted
radicals from the denominator. That step can sometimes be accomplished using

Rule Il in particular, that part of Rule Il that says that 4 - /4 = 4. Ournext
set of examples ilustrates the process of rationalizing the denominator.

EXAMPLE G
Simplify. §6x° = 421 .
63 1_1\/ 5.3 %3
2% ey, 7 T
'M-x}l
= —?
'
n f.2
AR
11
TRl
continted...
17 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Example G, continued...

To eliminate 47 from the denominator, simply multiply the numeratar and
denominator by radical seven:

F

-

Since the +f7 - «7 = 7 (Rule Ill}, the radical is then removed from the
denominatar:;

PO ST ¢ S )

N

18 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 6a
{3

Rationalize the denominator;

19 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Cube Roots

The cube root of A written %I'E . is that particular number whose cube is A .

Suppose that A is any real number (for the moment we will also include
negative numbers). Then we write

%’E = B whenever itistruethat 4= 5"

For example,
%I"_: 2 since 8= b

MNote:
e The reason the term "cube root" is used is that if a cube has volume ¥,

then its edge length is % . For example, a cube with volume 8 cubic
centimeters has edge length 2 centimeters.

Although the square roots of negative numbers are not real numbers, the
cube root of every real number is a real number. 5o, M= = -3 because

3
Sl [—3) . The cube root of a negative number is always negative.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

The properties of cube moots are similar to the corresponding properties of
square roots.

Algebraic Properties of the Cube Root

"The product of radicals is
3 3 B
|| ¥a¥p =45 the radical of the product "

I _%.F;_ﬂ
Er the radical of the guotient "

A ; : G
_ 3 = Bl The guotient of radicals is

35 . 3 "Cubing a cube root
] A = ayaya - (%E) =4 | giminates the radical *

IMPORTANT!

Just as taking sguare roots divides exponents by two, taking & cube root divides
ExpOnents by three. We will use this fact to simplify cube roots invoking
integers.
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

EXAMPLE H
Simplity. A216 .

First, we calculate the prime factorization of 216

PR e e R

Pie-30 P 2 3P =

Motice how the properties of cube roots were used to simplify the radical in our
last example, and how similar the process is tothe process of simplifying square
roots.

22 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

EXAMPLE I

Simplity. Y—864 .

The cube root of a negative is the negative of the cube root:
=088 = — AR

Mext, we need ta find the prime factorization of 864
T T s e, s LS O L ST LN
S i it B R L T LT ).
SHal s
Updi= 53 .3

50, Y864 = -2 . 3*  Now we divide each exponent inthe radicand by 3;

Three goes into five once with a remainder of two.

=355 3F ol 37 3% _ o 3y 33

Three goes into three once with no remainder.

:—2-34'33 :_2'31'%{4_'= _6"3\'{4—

MNote:
e Aswith sguare roots, when there is no remainder (a remainder of zera), then
nathing of that factor remains under the radical.

23 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 7a
Simplify, A—200 .

24 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

Extended Example 8a

25 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

The concepts of square and cube roots can be generalized. If » is a natural
number, we say the »™ root of A equals & | written

@ = B, wheneveritis true that 4= 8"
For exarnple,

35 =y  hecause 32 = ik

All even roots are like the sguare root, in that they do not work with negative
radicands.

All odd roots are like the cube root, in that the odd root of 3 negative number is
negative.

Algebraic Properties of the #'" Root

"The product of radicals is
I Yayp =w/4n the radical of the product.”
37

_ a4 B0 "The guotient of radicals is
- o the radical of the guaotient.”

af gm _ (nfan T "Raising an rih root o the i
i & 5 (“‘E) i power eliminates the radical "

IMPORTANT! Just as taking sguare roots divides exponents by two, and taking

cube roots divides exponents by three, taking »™ roots divides exponents by » .
If # = 2 the above table describes square roots. If # = 3, the above table
describes cube roots. 5o the above table can be used for any number &

26 of 27
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MULTIPLYING AND DIVIDING RADICAL EXPRESSIONS

gl
simplity: 1022 — .
=

Extended Example 9a

27 of 27
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Simplify (assume non-negative variables):

M-
i
(]

Simplify (assume non-negative variables): «fﬁinvE \/?Owgv“
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Simplify and rationalize the denominator {assume non-negative
14w? 15

variables):
) 21wy
Simplify.
728
s(A 5
Rk

Module 11- Section 1- page 29



_ ADDING AND SUBTRACTING RADICAL EXPRESSIONS

%
.

7\
—-._‘r{.‘_h\

Introduction

Adding and subtracting radical expressions requires first simplifying them and
then combining like terms.

N
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

Review of Like Terms

To be"like terms," radicals have to be absolutely identical. As before, adding or
subtracting like terms can be done using the distributive property;

2xy2q.|ixy +3xy2q.'7xy :[2+3j xyzq.'ixy = 5xy2ﬂ||'ixy

When combining like terms in the usual way,

Exyz,llixy +3xy21ﬁxy = 5:@:2\%,

it is important to remember that the distributive law is needed to complete the

Process.

applying this rule.

A Word to the Wise

Although it is true that /4 /8 = JAB , when adding,
J;_ﬂ + «J'E = +f4 + B . Students often miss problems by mistakenly

Z2 of 16
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

EXAMPLE A
Sirnplify; 4+050 — 5432

First, factor the radicands:

450 - 5432 =442 5% —5/2°
aimplify each radical by dividing each exponent in each radicand by two:

Twio goesinto one zero times with a remainder of one, and

fwo goesinto two once with no remainder:
2 8ol ST s B8 cneiplislafob o sf5¥

il BB -5 0P DB Byfo®
Twio goesinto five twice with @ remainder of one;

=202 - 542 =202 5. 2221 =2002 - 20402 = 0

Note:
+ Recall that anything raised to the 0 power equals 1. From here on, we will
leave out factors involving numbers or variables with a 0 power, since
multiplying by 1 does not change an answer or expression.
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS |

Extended Example 1a
Simplify: 7463 — 3/28 .
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

MNote:
I this section of the course, all variables represent nor-negative gquantities.

EXAMPLE B

Simplify 31820 +548x°

First, factor the coefficients in the radicands:

301857 +548x° = 34232 x5 45428 &S
Simplify each radical by dividing each exponent in each radicand by two:
32.32 27 4527 1°

First wee'll simplify the radical on the et
[wio goes into one zero times with a remainder of one, and

fvio goes into fwio once with no remainder, and

fwio goesinto five twice with a remainder of one:

=3420 3 27 52727 =3.30 2% 2l ! 4527

= 9x2 25 + 5427 %7

continued...

5 of 16
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_ ADDING AND SUBTRACTING RADICAL EXPRESSIONS

Example B, continued...

Mow wie'll simplify the radical on the right;
Two goesinto three once with a remainder of one, &

two goes into five twice with a remainder of one ;

= 0x2 2x 45427 27 = 9x2\0x +5. 21 2% 2L A
= 9xn2x +10x%2x

Finally, we can combing like terms:

= 0x2.fox +10x20x

—19x2.2x
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

Extended Example 2a

Simplify: 2z4/272° — 741227 .
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

EXAMPLE C
simplify. 32435 + 340373

otart by factoring the radicands:
Yoads +3a03E =327 3.5 +327 5.3
w38 o 5l e

Mext, divide each exponent by 3. Motice that only the cubed factors are removed
fromn the radical, since they are no longer cubed after having their exponents
diwided by 3

e e T B O e e
= 23730 +23R30

Finally, combinge like terms:

= 2330 +23R30 = 4330

g of 16
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS |

Extended Example 3a

Simplify. 17000 — 1088 .
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| ADDING AND SUBTRACTING RADICAL EXPRESSIONS

EXAMPLE D
Simplify: 6 x° 31f‘23 A4 4033, 15

As usual, we start by factoring the coeflicients of the radicands:

i 6.‘-’:2 3}23:&,14}?16 +2_}’3||33X2E|_}’13

Mext, divide each exponent in the radicands by 3:

il 3,‘23x14},15 +2y3r'33xzny13
b Bleg® oy T LAY 45l 8 0 B0

= lzxﬁyj «.,3|'x2y + erEyS 31|I|x2y

Lasthy, combing like terms:

= 12):'5}:5 «.,3.';{2;1: + 6x5y5 %I'xzy
= 18):6}:5 3~.|||x2y
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS |

Extended Example 42

simplify: 632:7° — ¢* 325063 |

11 of 16
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

Ratienalizing Denominators {Part 2)

Recall that "rationalizing the denominator means removing all the radicals in the
denorninatar. The technigue we discussed in Section 1 does not work with some
EXpressions involving sguare roots. For example,

1

1++2

If we try to multiply the nurmerator and denominator by the square root of two, it
only eliminates one radical in the denorminatar while creating another radical.
This rmethod does not work.

An approach that does work involves a fact that wou have used before:

(A+8 A~ B)= A% — B

This formula can help solve our current problern—we need to remove the radical
1

i )
e et
= (1+ﬁ)(1—£)=12—(Jz_f=1—2=—1.
As you can see, the radicals are removed by this process. Expressions like

1+~,.."'§ and 1-— \E are called conjugates. Conjugates are expressions of the
forma+& and a — 5.

from the denominator of

If we multiply the denominator by 1— ~2

So if we multiply the numerator and denorminator by the conjugate of the
denorninatar, it eliminates sgquare roots from the denorinator.

1z of 16
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| ADDING AND SUBTRACTING RADICAL EXPRESSIONS

1 EXAMPLE E
Fationalize the denominator:

1++2

Multiphy the numerator and denominator by the conjugste of the denominator:

1 1-42  1-42

=1+,“||'2_ 1—\5 12_(\5)2

_1-42 142
TR -1
(-v2) ()
-1
_"1+J§=_1+£

1

In this last example, by eliminating the radical in the denominator we ended up
eliminating the entire denominatar.
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS |

5 Extended Example 5a
Rationalize the denominator, —

243

14 of 16
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS

+~J,J_" | EXAMPLE F
-
Multiply the numerator and denominator by the conjugate of the denominator;
ey (1447 (140)
=W [P (1 P)

Multiply the numerator using the EOIL method. Use
(A+EB1A-EBr= A% - B? 1o simplify the denominator:

(145 )(1+5) Py +(H)

Hationalize the denaminator;

EN) )

_ 1+2y +y i L+ y+2.y
1- Lna

15 of 16
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ADDING AND SUBTRACTING RADICAL EXPRESSIONS |

e Extended Example 6a

Rationalize the denominator:

Vu =y

16 of 16
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Simplify (assume non-negative variables):

6ABJ204%8% +25% 154"

Simplify.

51,421;'3-11,{, 31#5 — 31#«#543,4?1#3
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Simplify (assume non-negative variables):

3x° 13,‘135.x14y17 + ¥ ,,3;'5_1;2']“];14

Fationalize the denominator {assume non-negative variables):

JA
TiidE
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RADICAL EQUATIONS

Introduction

The main technigue used to solve equations involving sguare roots, 15 to square
2

hoth sides of the equal sign. Consider the radical property, (JE) =

Sguaring a sguare root eliminates the radical. Our first examples shows how to
isolate the radical term on one side of the egual sign, and then sguare both
sides of the equation to eliminate the radical.

1 of 14
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RADICAL EQUATIONS

EXAMPLE A

Salve; u"'; =i

Sguare both sides of the equal sign:
2
(F)=7 -

Checking this possinle solution in the original equation, we get:

Tas!

Jr=3 5 o =3

Sothe saolutionis x = 9.

It's wery important to remember to check your solutions whenever solving
erjuations invalving radicals. ¥when you sguare both sides of an equation, the
result could be one that does not rake the original eguation true. Such results
are called extraneous solutions. You should ALWAYS check to see that your
proposed solution really does solve the original eguation.

2 of 14
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RADICAL EQUATIONS

Extended Example 1a

Solve: +f2x =4 .
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RADICAL EQUATIONS

EXAMFLE B
Solvel «f2x—5-4=1.

This tirme, the radical is not by itself. wWe must first isolate the radical on one side

of the egual sign: e — 1

+4 +4
J2z-3 = 5
Mow we can sguare both sides:
(Vaz-35) =5
2r—gi= 25
e
2x =30
=% 30
=T
TS

Finally, check to see that we have found a solution to the original equation:
7 ?
Mex—5-d=1 = f2.15-5-4=1 —= J30-5-4=1
2

7 .
= f25-4=1 = 5-4=1

Tesl
— 1=1
Sothe solutionis x = 15

4 of 14
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RADICAL EQUATIONS

Extended Example 2a

Solve: Afbx—5-4=73
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RADICAL EQUATIONS

EXAMPLE C

Solve: Af3x—1—~2x+3 =0,

This time we want to place the radicals on opposite sides of the equal sign.
Then, squaring hoth sides of the eqguation will eliminate both radicals:

Jir—1-42x4+3 = 0
+A42x+3 +A2x+3

AT = ol P k3

(1) = (453’

2x—-1 = 2x+473

Mow, sguare both sides:

s e
pEe] = o3
+1 +1

x =4

Check the solution:

7
Y] =i e sl sy Al el eSS
i

3 it 58 =
Tesl

e NIT =11 = 0

Once again, our solution checks out.

& of 14
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RADICAL EQUATIONS

EXAMPLE D

Solvel of10x—13 = -4

This equation has no solution. The left side of the equal sign 15 not negative
while the right side is negative . Mo quantity can be both negative and not
negative atthe same time! Thus no solution is possible.

If wou hadn't noticed this at first, and instead went through the process of soking
the eqguation by sguaring both sides, then eventually you would find a possible
solution. However, when you checked your answer, you would find that it did not
make the original equation true.

It's better in cases like this to simply notice that no solution is possible. By
ohserving that the left side of the equal sign is positive (or zero) while the right
side is negative, you know that the two sides cannot possibly be equal.

7 of 14

Module 11- Section 3- page 7



RADICAL EQUATIONS

Extended Example 3a

Solve: 12 — 3x +14 = 13
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RADICAL EQUATIONS

EXAMPLE E

Sokve: m'xz L=

First, isolate the radical on one side of the equal sign. Add x to both sides:

'u'x2+5 iy g

Then sguare both sides. Use the binomial sguared formula,
2
(A+B) = A% + 248 + B for the right side of the equal sign:

('u'xz + 5)2 [x+2:|2

P45 =xi +4x+4

Subtract x< from both sides of the equation and then solve for x;

S=4x+4
Jiesidg

continted...
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RADICAL EQUATIONS

Example E, continued...

Lasthy we check our possible solution:

'u'x2+5—x:2 —

—

ﬁ.

Qur solution, x = % , checks out.

10 of 14
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RADICAL EQUATIONS

Extended Example 4a

Solve: x — 3 ] =2,

11 of 14
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RADICAL EQUATIONS

EXAMPLE F

Solve; af5x—1 +3=1x_

start by isolating the radical on one side of the equal sign by subtracting 3 from
tboth sides:
Joix—1+3=x
.
okl = E =3
Sguare both sides of the equal sign:
2
(V5x-1)" = (x-3)°

Sx—1 = x° —fx+9

Solve for x . Since this is a quadratic equation, we will have to move everything
on one side of the equal sign and set it equal to 0. Then we can factor the
fuadratic to solve the equation. To move everything on one side of the equal
sign, subtract 5x from both sides and add 1 to both sides:

Sx—1= 2% —6x+0
—4x+1 - Sz +1
0 = x2=11x+10

continted...

1z of 14
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RADICAL EQUATIONS

Example F, continued...

Factor the right side to solve for x:

0 = 2% =11x +10
0 (x=10=fx= 1)
L X2
lx = 10| or [x = 1]

Finally, check to see if these possible solutions work by trying therm in the
ariginal eqguation:

7
x=10) FBx-1+3=xz — B 10-1+3=10
? B
= 50-143=10 — 49 +3=10 — 743 =10
7
=lll Pkl hl=® 5 adsuld k=

7 7
= wffol =1 vy afagal s 293=

Tesl

Hal

Of the two possible solutions we found, only one of them really sokves the
equation: x = 10 . The other was an extraneous solution.

13 of 14
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RADICAL EQUATIONS

Extended Example 5a
Solve: f2x +4=x.

14 of 14
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Solve: 3\/3.x +1 = 3\/31 -1

Solve.
JIx—=5-8x+2 =0

Solve: «f3x —8 = +8x— 3
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Solve: f4x+7 + 3\/'; =7

Solve.

3x +2=3x
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COMPLEX NUMBERS

Introduction

In this section, you will be introduced to a new value thatis represented by the
single letter, z . This valug, known as the imaginary number ; | is extremely
useful in solving real-world applications including modeling weather systems,
describing the flow of fluids and electricity, designing the cross-section of
airplane wings, creating special effects in movies, and mare.

1of 15
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COMPLEX NUMBERS

Fractal Art
One interesting and fun application of the imaginary number 1 is the generation

of fractal art. Some examples are shown below. You can do aweb-hased
search on “fractal at” for many more examples.

Examples of Fractals

2006 Rafael Espericueta

2 of 15 ||
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COMPLEX NUMBERS

We have seen that sguaring a real number cannot result in a negative gquantity.
Suppose £ s a real number (any point on the number ling). Then there are
three distinct possibilities:

B<o| B=0 |B>0

1. £ is positive, B » 0 Since a positive multiplied by a positive is
positive, 52 s positive: 52s0.
For example, 2=2.2=4is positive.
2. Biszero, F =0 Since zero times zero is zZero, B% s zern
Bi=0.
For example, 0% =00 =0
3. B isnegative, E < 0: Since a negative times a negative is positive,
B%is positive: B%s0.

For example, [—5)2 =(=5)-(=5) = 25 s positive.

3 of 15
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COMPLEX NUMBERS

In no case is B2 negative. Since JJ_Q = Hifand onlyif A= B2 notice what
happens with negatives under square roots (and all even roots). Consider, far
example, the case where 4 is negative one:

Jo1 =B fandoniyit —1= 5%
Mo real number has a square equal to negative one, so & cannot be a real

number. There are ather kinds of numbers besides real numbers, though. One
of these numbers is written as z , and it has the property that

Sl g

The letter ¢ stands for"imaginary "

What is reality?

Though called imaginary,
the imaginary numbers are just as real
as the real numbers.

Though called real, e
the real numbers are just as imaginary
a5 the imaginary numbers.

2006 Rafael Espericueta

4 of 15

Module 11- Section 4- page 4



COMPLEX NUMBERS

Since i% = —1 e can also write § = +/—1 . This new number can be multiplied

and even added to real numbers. When you multiply a real number times i | the
result is an imaginary number. For example,

2
i, 24, ?i, —5i, —ami, f2i
are examples of imaginary nurmbers.

YWhen you add or subtract a real number and an imaginary number, the result is
a complex number. For example,

141, 21, 1- %, %—%z’, B, -3 -2

are examples of complex nurnbers. The real number in such a sum is called the
real part of the complex number, and the coeficient of i is called the imaginary
part of the complex number. The imaginary numbers themselves are complex
numbers with the real part equal to zero, while the real numbers are complex
numbers with the irmaginary part equal to zero.

To do algebra with cormplex numbers, treat the @ as if it were any variable.
Combine like terms as usual.

Fememhber that whenever i is squared, you may replace it with —1 since
.2
¢ ="l

Module 11- Section 4- page 5



COMPLEX NUMBERS

EXAMPLE A
Add the complex numbers: (5 —32) + (24 91).

Add these expressions as you would if i were an ordinary variable, like x:
=5-3i4+2+9i

Pt | S S R

The parentheses were not needed. They were included only to emphasize that
we were adding two complex numbers.

EXAMPLE B
Subtract the complex numbers: (7 — 21) — (4 + 91 .

subtract these expressions as you would if 2 were an ordinary variable, like x.
Distribute the negative to eliminate parentheses:

(7—2i)—(4+8i)=7-21—4-9;
=7-2-4-9;
=311

& of 15
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COMPLEX NUMBERS

Extended Example 1a

Add the complex numbers (12— 61) 4+ (-4 + 3i).
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| COMPLEX NUMBERS

EXAMPLE C
Multiply the complex numbers: (35— 3§)(2+7¢) .

Lse the EOIL method and combine like terms:
(5324 T)=5 288 T =3 B3
=10+ 35 — 6i — 215°
=10+ 29; — 212
Kow use that most important property of ¢ |, that ;9=
=10+29i - 21:% = 10+ 291 - 21. (=1}
=10+29i +21
= 31+ 293
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COMPLEX NUMBERS

Extended Example 2a

Multiply the complex numbers (1-22)(7 - 3i)

Module 11- Section 4- page 9



COMPLEX NUMBERS

The real numbers become geametrical once we wisualize them as the points on
a number line. There is also away to think of the complex numbers
geometrically. Earlier we stated that:
The real numbers are those complex numbers that have the imaginary
part equal to zero, just as the imaginary numbers are those complex
numbers that have the real part equal to Zero.
This reminds us of a similar fact concerning points on the coordinate axes:
The poirts on the x axis are those poirts in the plane that have
y-coordinate equal to zero, just as the points on the ¥ axis are those

points in the plane that have x-coordinate equal to zero,
Think of the real number line as the x axis, then the imaginary numbers can he
thought of as the points on the » axis. The complex numbers are then all the

points in the plane. Geometrically, the complex number @ + & is the paint

[a,b) .

10 of 15
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COMPLEX NUMBERS

The number 1 is the paint [1,0) on the x axis. To see why, consider
p @y =] D= 10},

The number i is the point (0,1) onthe » axs. This is because;
Pl e b (0= (02T

Complex Cartesian
number point The Complex Plane
1 (1,0 §
i (0,1) g
o g S
-1 (-L0) | -3+2i N 3%2i
o
—i (0,-1) Eti
: Real Numbers
3,2 .
3+2 (3.2) 5 F 1 :
—3 2 (-3.2) ¥/
—3=21 (-3-2) ! - |
-3%2i o 3%2i
32 (3-2)
Since §% = —1, we can white § = +/—1 . This gives Us a way to rewrite sguare

root radicals with negative radicands as imaginary numbers. Now such
Expressions have a concrete meaning; they are the points on the plane.

11 of 15
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| COMPLEX NUMBERS

EXAMPLED
Rewrite as an imaginary nUmber; -9

Follow these sirmple steps:

Je=F1e=E1 e =323

EXAMPLE E
Rewrite as an imaginary number; =17

17 =A—117 =7 =1 =17 i =175

MNote:
s Allvou need to do is erase the negative under the radicand and putan i
outside the radical.

1z of 15
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| COMPLEX NUMBERS

Question: Rewrite as an imaginary number; 4—23 |

Question: Fewrite the radical as an imaginary number: —J—36 .

Question: Fewrite the radical as an imaginary number, ——40 |

13 of 15
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| COMPLEX NUMBERS

_ EXAMPLE F
Rewrite the expression as a complex number; 4 ++4-18 .

Replace the negative under the radical with an i outside the radical;
4+ 18 = 4 +.f18:
Factorthe radicand and simplify the radical:
= d 492 i mdtnf? onfD i
=4 432 i=d4+32

14 of 15
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COMPLEX NUMBERS

Extended Example 3a

Rewrite the expression as a complex number. 7 + =60

15 of 15
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Simplify.
(-114+6:)—-(-6-9)

Simplity.
(3-11:)(2+31i)

Write the given expression as a complex number.

—J-19
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RATIONAL EXPONENTS

Introduction

As wie have seen, radicals invalve dividing exponents. 3o perhaps it is not too
surprising that they can be expressed using fractional exponents. In fact, since

taking an #™ root divides exponents by # |, it must be true that

™
da™ = an
The algebraic rules for dealing with exponents also apply when the exponents
are fractions. Conwverting radicals to fractional exponents often makes
calculations with radicals much easier, since you may then apply the exponent
properties.

1 of 14
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RATIONAL EXPONENTS

™
fm=1 4a™ =a ™ becomes
1

Yo =am.

The formula above allows us to numerically compute radicals on any calculator
capable of raising a nurmber to a power .

EXAMPLE A

Write each radical as a fractional exponent: J?T %‘63 : %‘?2 . 15|'1 17
1 3 2 3
FLib gz, P osE R SgE AT 4D

EXAMPLE B
1 4
Wyrite each fractional exponent as aradical 74, 511, 177

1 g 4 7
72 =37 =7, s =N 177 =17t 1578 = e
Add this property to your knowledge of properties of exponents:

m

Ma™ =g 7

2 of 14
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RATIONAL EXPONENTS

You should review the properties of exponents below. Faor the remainder of this
lesson, we will refer to the exponent properties using Roman numerals (see the
following table). A Rorman numeral above an egual sign in an example refers to
the property that justifies that step.

Properties of Exponents
| |
Il al = a
m am _an 2s am+n
v " _ g
a?!
v (a’m)n e g T
vl Lany e @t
at  a®
il —| =
& L
1
vl a = —
c
™
Ix ?!am o ﬂ.?
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RATIONAL EXPONENTS

, EXAMPLE C

Simplify: 1253 .

Eeqgin by factoring the 125
2 2

1953 = [53)§

Mow LISE property s, (.:xm)n a™™ (when raising a power to 3 power, multiply

the exponents):
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RATIONAL EXPONENTS

Extended Example 1a

=
4

Simplify: 164 .
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RATIONAL EXPONENTS

; EXAMPLE D
Simplify. 2163

This is the same problem as Extended Example 1c, solved in a differentway.

Find the prime factarization of 216 .

SR ED TR g, 0. S8aind S0 o R oX of
2 2
So, 2153=(23-33)3.

Use exponent property v, [ab)n =g" . &"  backwards on the expression in
the parentheses.

s (23 ; 33)% E

(@:9%)7 ()

Use exponent property v, (a”’)n =

53'[%] - 6%72 =62 =36
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RATIONAL EXPONENTS

, EXAMPLE E

Simplify:; 57 5,

First factor the 27

m-n :'

Multiply the exponents (property Y, (a’”)n =

RN S I

1
Use the definition of negative exponents (property Yill, @ = —
i
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RATIONAL EXPONENTS

Extended Example 2a

3
Simplify: 16 4
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RATIONAL EXPONENTS

Simplify: ( =t ]_I
e ﬁ .

ﬂ?‘!

s

Ve start with property Vi, [%]

5
16
Mext, factor the numbers in the parentheses and apply property v,

(a™)" = amn.
s

i

b
3
4

6 4

43

3

EXAMPLE F

3 z
S
W32

1
—— , and simplify:
ﬂ?!

Lastly, use property VI,

3—3 vl 23

33

-3 27
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RATIONAL EXPONENTS

Simplify: (81]_
16

This is the same problem as Example F, sokved in a different way.
3

G ()

EXAMPLE G

|

Il =
.
bo |
o

I

Ay

£

Il
R
Bo |
o

|
|

Il
"
e
R
Il
—
ea |
Bk 2

Lo

-G ¢ [—

Bl

Motice that the same exponent properties were used in hoth solutions to this (a5t
problerm, though the rules were used in a different order.

10 of 14

Module 11- Section 5- page 10



RATIONAL EXPONENTS

Extended Example 3a

s
2

Simplify: (%) '

11 of 14
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RATIONAL EXPONENTS

Sorne calculators only allow ywou to compute approximations of square roots. To
compute higher roots (cube roots, fourth roots, etc) you need to first write the
radical in fractional exponent form. You will need & calculator that allows you to
compute powers to do the next examples.

EXAMPLE H
Evaluate 2f 127 . Round your answer to the nearest millionth.

Start by writing the expression in fractional exponent farm:
1
ST =St 0TS

Try to compute this onyour calculator. On some calculators, you can use the
following calculator buttons (shown here as boxes):

i 1
127 v [5|—|[=]
: X
0n calculatars that use algebraic notation you should enter:

127 [M[]1[]5D][E]

continuned...

1z of 14
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RATIONAL EXPONENTS

Example H, continued...
On reverse-Polish calculators, enter:

127 5'5
=y

Mote; Some calculators have a |x¥ | button instead of |[»” |, but they function

=

the same way.

Your answer should be something close to 2.63487941 277060484854, though
probakly with fewer digits.

The last step is to round this number to the nearest millionth:

= 2634878

<1 hnndred-thousandihs

o fen-thousandiihs
& millionths

W handredihs
& fhronsandils

o fenths

(]

Mote: = means approximately
It is very important that you know how to compute such radicals on your
calculator, If none of the above methods seem to work on your calculator, refer
to your calculator manual (if possinle). Often such manuals include examples of
the precise steps required for various calculations.

13 of 14
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RATIONAL EXPONENTS

Extended Example 4a
Evaluate 17 Round your answer to the nearest thousandth.

14 of 14
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Simplify.
3

rlﬁ“_Z
\81)

Simplify.
4

(‘x QTB)_ 3

Convert to fractional exponents, and then evaluate using a calculator.
Round your answer to the nearest ten-thousandth.

101,234,567
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