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Support Reactions

Segment Shear Moment

Example
Draw the shear and bending-moment diagrams for the beam and 
loading shown.  Label all points of change, maximums and 
minimums, and the axes.

L
BA

W

x

A

W
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Caution:

L
BA

W

L
BA

When drawing FBDs, always use the original loading and not the 
equivalent.
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Relations Among Load, Shear, and Bending Moment

L
BA

w w

dV
w

dx
= −

dM
V

dx
=

The change in shear is 
equal to the area under the 
load curve.

The change in moment is 
equal to the area under the 
shear curve.

The slope of the shear 
diagram is equal to the 
value of the w load.

The slope of the moment 
diagram is equal to the 
value of the shear.

M V xΔ = Δ

V w xΔ = − Δ
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A B

Observations about the Shape of Shear/ Moment Diagrams
Shear Diagrams:
     -Are a plot of forces (note the units).
     -Discontinuities occur at concentrated forces.

Moment Diagrams:
     -Are a plot of moments (note the units).
     -Discontinuities occur at concentrated moments.

Miscellaneous:
     -Check your work by noting that you always start and end at zero.
      -Always use the original loading and not the equivalent.

15 kN 25 kN 20 kN

30 kN

4 kips/ft

M
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Support Reactions

Example
Draw the shear and bending-moment diagrams for the beam and 
loading shown.  Label all points of change, maximums and 
minimums, and the axes.  Units: kN, m 

3
BA

8 8

C D

10

10

3 3 3
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Support Reactions

Example
Draw the shear and bending-moment diagrams for the beam and 
loading shown.  Label all points of change, maximums and 
minimums, and the axes.  Units: kN, m 

3.2
BA

2 kN/m

4

0.8
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Example
Draw the shear and bending-moment diagrams for the beam 
and loading shown.  Label all points of change, maximums and 
minimums, and the axes.  Units: Lb, ft.

8 44
BA

30 lb/ft
20 lb/ft
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Example
Sketch the shear and bending-moment diagrams for the beam 
and loading shown.  Label all points of change, maximums and 
minimums, and the axes.  Units: Lb, ft.

8 4
BA

30 lb/ft

4
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Example
Sketch the shear and bending-moment diagrams for the beam 
and loading shown.  Label all points of change, maximums and 
minimums, and the axes.  Units: Lb, ft.

5 434
BA

30 lb/ft
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Example
Sketch the shear and bending-moment diagrams for the beam 
and loading shown.  Label all points of change, maximums and 
minimums, and the axes.  Units: Lb, ft.

5 434
BA

30 lb/ft

20 lb/ft
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Example
Here is an example of how the shape of the girder reflects the
shear and bending diagrams.

A
B

L
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So why did they put that gap in the bridge?

B
A

B
A
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Pins
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Example
Draw the shear and bending-moment diagrams for the beam and 
loading shown.  Label all points of change, maximums and 
minimums, and the axes.  The addition of the internal pin at the 
center of the beam allows additional head room because rather 
than the moment being a maximum in the center it becomes zero.  
This design is used at Wings Air West in SLO.  Total span= 75 ft.

500 lb/ft

A B

500 lb/ft

A B
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Example
Draw the shear and bending-moment diagrams for the beam and 
loading shown.  Label all points of change, maximums and minimums, 
and the axes. This example demonstrates that with the addition of an 
internal pin we get an additional equation, otherwise we would have too 
many unknowns.

Support Reactions
C

A B

3

3.5 1 2

C

B

3
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Summary

Sign Convention

Shear Diagrams 

Moment Diagrams

Observations about the Shape of Shear/ Moment Diagrams
Shear Diagrams:
     -Are a plot of forces (note the units).
     -Discontinuities occur at concentrated forces.

Moment Diagrams:
     -Are a plot of moments (note the units).
     -Discontinuities occur at concentrated moments.

Miscellaneous:
     -Check your work by noting that you always start and end at zero.
      -Always use the original loading and not the equivalent.

M

V



8-1Introduction to Friction

Chapter 8
Friction

Friction

Px

Coefficient of Static Friction for Dry 
Surfaces

Metal on metal                 0.15-0.60
Metal on wood                 0.20-0.60
Metal on stone                 0.30-0.70
Metal on leather               0.30-0.60
Wood on wood                 0.25-0.50
Wood on leather               0.25-0.50
Stone on stone                 0.40-0.70
Earth on earth                  0.20-1.00

Introduction

sF Nµ=
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States of Friction

No Friction

No Motion

Motion Impending

Motion

Friction

Px

WP

W

W

W

P

P

P
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Friction

Px

Friction

Px

Example
The static and dynamic coefficients of friction between the block 
and the incline are 0.35 and 0.25 respectively.  Determine 
whether the block is in equilibrium and find the magnitude and 
direction of the friction force when ø= 25° and P= 750N.  Units: N.

1.2kN

P

ø
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A B

C

D

100kg

150kg

B

C

D P

A)

B)

Example
The static and dynamic coefficients of friction between all surfaces 
are 0.30 and 0.25 respectively.  Determine the smallest force P 
required to start block D moving if (a) block C is restrained by 
cable  AB as shown, (b) cable AB is removed.  Units: N.

100kg

150kg

C

D

100kg

150kg P

P
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A

80 lb

B30°

Example
The 80 lb block is attached to link AB 
and rests on a moving belt. Knowing 
that the static and dynamic 
coefficients are 0.25 and 0.20, 
determine the magnitude of the 
horizontal force P which should be 
applied to the belt to maintain its 
motion (a) to the right, (b) to the left.
Units: Lb.

A

A
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Example
Determine whether the 100 lb block will tip before 
it has a chance to slide.  The static coefficient is 
0.30.

100

100 1 2"

6"
P

P
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Example
Knowing that the 100 kg crate starts 
to tip as it slides, determine (a) the 
magnitude of the force P, (b) the 
coefficient of kinetic friction.
Units: N, mm.

P
25°

500

700
A B

C D
150

E
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Example
Calculate the force that each hand must apply to support (8) 1 lb books.  
The coefficient of static friction between the hands and the books is 0.50 
and 0.35 between each book.
Units: lb.

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S

S
T

A
T

I
C

S
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Example
Determine the reactions at A and B.  A is rough and B is smooth.  The 
ladder has a length of 25 ft and weighs 25 lb.  The coefficient of static 
friction is 0.3.  Units: Lb, ft.

B

A

10'
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Example
Determine the distance d at which the ladder will start to slide.  A is 
rough and B is smooth.  The ladder has a length of 25 ft and weighs 25 
lb.  The coefficient of static friction is 0.3.  Units: Lb, ft.

B

A

d
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Example
Determine the force P required to start the ladder to slide or tip.  A is 
rough and B is smooth.  P is applied to the middle of the ladder.  The 
ladder has a length of 25 ft and weighs 25 lb.  The coefficient of static 
friction is 0.3.  Units: Lb, ft.

P

B

A

5

24.5
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Example
Find the range of T for which the 
block is in equilibrium.  The 
coefficient of friction is 0.3.
Units: N.

x

100

T

y

50°

100

100
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Example
Determine the smallest force P required to move the blocks.  Block A and 
B weigh 20 and 40 lb respectively.
Units: Lb.

PB

A

PB

A

PB

0.2sµ =

0.3sµ =
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Example
Determine the smallest force P required to move the blocks.  Block A and 
B weigh 20 and 40 lb respectively.
Units: Lb.

PB

A

PB

A

PB

0.4sµ =
0.2sµ =
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Example
Determine the smallest force P required to move the blocks.  Block A, B, 
C weigh 20, 40, and 60 Lb respectively.
Units: Lb.

PC

B

A

0.4sµ =

0.2sµ =

0.2sµ =

PC

B

A

PC

PC

B



8-16 Angles of Friction 

Angles of Friction 

W 
P 

W 
P 

tan s sφ μ = 



8-17 Wedges 

Wedges
Example
Find the force P required to move the block 
up.  W= 500 lb, Static coefficient= 0.30, a 
15° wedge.  Units: Lb.

W 

W 

P
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Example
Find the force P required to move the block 
up.  W= 500 lb, Static coefficient= 0.30, a 
15° wedge.  Units: Lb.

W

P

P

W
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Example 
Find the minimum force P required to 
move the 800 N block.  Static 
coefficient= 0.30, 15° wedges. 
Units: N. 

P 

800 

P 

800 
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Example
Find the minimum force P required to 
move the 800 N block.  Static 
coefficient= 0.30, 15° wedges.
Units: N.

P 

P 

800 

800 
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Example 
Knowing that it takes 800 N to insert the 25°  
wedge, find the forces exerted on the log.  
Kinetic coefficient= 0.26.  Units: N. 

P 

25° 

P 
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Example 
Knowing that it takes 800 N to insert the 25°  
wedge, will the wedge remain in place after P is 
removed?  Static coefficient= 0.30.  Units: N. 

P 

25° 

800 
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Example 
Wedge B is rough and the right end of the beam may be considered as 
fixed.  Determine the horizontal force P which should be applied to the 
15° wedge A to raise the left end of the beam.  The beam is 7 m long.  
Static coefficient= 0.20.  Units: N, m. 

BA

7000 

W 
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Example 
Find the range of T for which the 
block is in equilibrium.  The static 
coefficient of friction is 0.3. 
Units: N. 

x 

100 

T 

y 

50°

100 

100 
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L

2 rπ

Square-Threaded Screws

a

P



8-26

θ

θ

Tightening the Screw

Self-Locking Screw

Q

W

R

W

R

tan( )sM Wr θ φ= +
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Loosening the Screw

Q

W

Q

W

R

R

tan( )sM Wr θ φ= −

tan( )sM Wr φ θ= −

θ

θ
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Example
Analyze the amount of torque required to move the screws downward.  
The two systems are identical except for the placement of the load W.

d

P

W

d

P

W

θ

θ

θ

Common Sense:  If you are turning it to where you know that it will be 
harder to turn, then use the equation on the left.  If looser, then use 
the equation on the right.
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Example
The clamp has a single square 
thread of mean diameter equal to 15 
mm with a pitch of 3 mm.  If a force 
of 10 N is applied perpendicular to 
the handle, determine (a) the force 
exerted on the pieces of wood, 
(b) the force required to loosen the 
clamp. The static coefficient of 
friction is 0.3.  Units: N, mm.

250

10
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Example
Rod A has a right-handed thread and rod B has a left-handed thread.  
Both rods are single-threaded with a mean radius of 0.3 in. and a pitch of 
0.1 in. Determine the torque T that must be applied to the sleeve in order 
for the (a) rods to tighten, (b) rods to loosen.  The static coefficient of 
friction is 0.30.  Units: lb.

400400
A BT

x

y

z

E
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Example
The two sliding 15° wedges support the 25 lb block above them and the 
500 lb load.  Rod A has a right-handed thread and rod B has a 
left-handed thread.  Both rods are single-threaded with a mean radius of 
0.3 in. and a pitch of 0.1 in.  Determine the torque T that must be applied 
to the sleeve in order for the blocks to come together.  The static 
coefficient of friction between all surfaces is 0.3.  Units: lb.

500

A B

T

15°
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Example
The two sliding 15° wedges support the 25 lb block above them and the 
500 lb load.  Rod A has a right-handed thread and rod B has a 
left-handed thread.  Both rods are single-threaded with a mean radius of 
0.3 in. and a pitch of 0.1 in. Determine the torque T that must be applied 
to the sleeve in order for the blocks to move apart.  The static coefficient 
of friction between all surfaces is 0.3.  Units: lb.

500

A B

T

15°
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A

B

Example
The clamp has a single square thread of mean diameter equal to 0.3 in. 
with a pitch of 0.1 in.  The screw has a static coefficient of friction of 0.3, 
whereas it is 0.5 between the two blocks and the clamp.  Ignore the 
weight of the 12° wedge B.  Determine the torque required at the clamp’s 
handle to lift the 200 lb block A.

A

B
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Example
The wood clamp has a single square thread of mean diameter equal to 
0.3 in. with a pitch of 0.1 in.  The screws have a static coefficient of 
friction of 0.3.  The clamp exerts a force of 200 lbs on the blocks at C.  
Determine the torque required to loosen the clamp if a) the torque is 
applied to screw A, b) the torque is applied to screw B.
Units: Inches.

BA C

5 6

B

A
C
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future problems.
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Belt Friction

T1

T2

β

o

x

y

o

2

1

ln s
T
T

μ β= 2

1

s
T e
T

μ β=

0 :              ( ) cos cos 0
2 2

0 :              ( )sin sin 0
2 2

x s

y

F T T T N

F N T T T

θ θ μ

θ θ

Δ Δ
= + Δ − − Δ =

Δ Δ
= Δ − + Δ − =

∑

∑
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Example
A ship tied up to the dock develops 
9000 N in the rope that is wrapped 
two times around the bollard.  
Determine the minimum force required 
to keep the boat in place.  The static 
coefficient is 0.3.  Units: N.

9000
T
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Example
A rope is thrown around a 250 mm diameter 
pipe to raise a 100 N weight.  What is the 
minimum tension T that must be applied to a) 
raise the weight, b) maintain this position? c) 
What effect will replacing the 250 mm pipe 
with a 350 mm pipe have?  The static 
coefficient is 0.3.  Units: N.

100
T

100 T

100 T
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Example
The pulley at A has rusted and is no 
longer able to rotate freely.  
Determine the (a) minimum force 
required to keep the block from 
sliding down the incline, (b) minimum 
force required to pull the block up the 
incline.  The static coefficient is 0.3 
between all surfaces.  Units: N.

x

100

T

y

50°

A

T A T A

100

x

y

100

x

y
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Example
A rope is thrown around a pipe to raise a 100 
N weight.  a) What is the minimum tension T 
that must be applied to lift the weight?  
b) What is the minimum tension T that must 
be applied to then lower the weight?
The static coefficient is 0.3.  Units: N.

T

1
1

T

1
1

T

1
1
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Example
The 200 lb motor’s weight is used to maintain tension in the flat belts.  
Determine the largest torque that can be transmitted to pulley A when the 
motor is rotating clockwise.  The static coefficient is 0.3.  Units: Lb, 
inches.

A

B

14

28

20

A

B

A
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Example
Determine the minimum weight of A to maintain 
equilibrium if a) pulley D is locked, b) pulley C is 
locked, c) pulleys C and D are locked.  The static 
coefficient is 0.3.  Units: Lb.

A

BC

D

100

W

C

D

C

D

C

D

2

1

s
T e
T

μ β=

a) D is locked:

b) C is locked:

a) C and D are locked:

2

1

s
T e
T

μ β=

2

1

s
T e
T

μ β=

2

1

s
T e
T

μ β=
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Summary

If Equilibrium

If Sliding

If Motion, but no Acceleration

If Tipping

Wedges

Friction

Px

P

100

P
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Chapter 9
Moments of Inertia of Areas

Introduction
Second Moment, or Moment of Inertia, of an Area

My

I
σ =

VQ

Ib
τ =

2
xI y dA= ∫ 2

yI x dA= ∫

Determination of the Moment of Inertia of an Area by 
Integration
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Example
Determine the moment of inertia about the x-axis of the area below.  
Use integration.

b

h

x

y
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Example
Determine the moment of inertia about the axes of the area below.  Use 
integration.

h

b

x

y

Alternative Solution

h

b

x

y
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Example
Determine the moment of inertia of the area below.  Use integration.

b

h

x

y

Alternative Solution
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Example
Determine the moment of inertia about the centroidal axes of the area 
below.  Use integration.

h

b

x

y



9-6

Example
Determine the moment of inertia about the y-axis of the area below.  
Use integration. y

x

5

1

2

3

x
y =

y

x

5

1

2

3

x
y =
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Example
Determine the moment of inertia about the x-axis of the area below.  Use 
integration.

y

x

(4,3)
2x ky=
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Example
Determine the moment of inertia about the x-axis of the area below.  
Use integration.

Alternative Solution

y

x

(4,3)
2x ky=



9-9Polar Moment of Inertia

Polar Moment of Inertia

2 2 2( )o pJ I dA x y dAρ= = = +∫ ∫

o

Tr

J
τ =
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Example
Determine the polar moment of inertia of the area below.  Use integration.

x

y



9-11 Parallel-Axis Theorem 

Parallel-Axis Theorem 

x

y

( )2
x x yI I Ad= + ∑ 

( )2
y y xI I Ad= + ∑ 

x

y



9-12 Moment of Inertia of Composite Areas 

Moments of Inertia of Composite Areas 

Shape 

Triangle 

Semicircle 

Quarter circle 

Rectangle 

r 

o 

r 

x

y

x

y

r 

31
12xI bh′ = 31

12yI hb′ = 

31
3xI bh= 31

3yI hb= h 

b 
x

y

x′ 

y′ 

h 

b 
x

x′ 

y′ 

x

y

31
36xI bh′ = 

41
4x yI I rπ = = 

41
2oJ rπ = 

41
8x yI I rπ = = 

41
4oJ rπ = 

41
16x yI I rπ = = 

41
8oJ rπ = 

Circle 

31
12xI bh= 

2 21 ( )
12cJ bh b h= + 
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Example 
Determine the moment of inertia about the centrodial axes of the area 
below.  

x 

y

2r 2r

2r

2r
r

Part I Area 
2Add 

( )2
x x yI I Ad= + ∑ 

( )2
y y xI I Ad= + ∑ 
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Example 
Determine the moment of inertia about the centrodial axes of the area 
below.  Units: in. 

Note:   
d is the distance between the property of the part to the new axis. 
b is always parallel to the axis you want to find I about. 

( )2
x x yI I Ad= + ∑ 

( )2
y y xI I Ad= + ∑ 

16.00" 

7.00" 

0.40" 

0.60" 

x 

y

Part I Area 2Add
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Example 
Determine the moment of inertia about the centrodial axes of 
the area below.  Uniform thickness t= 20 mm.  Units: mm. 

x 

y 

300 

200 

Part Area xd yd 2
xAd 2

yAdxI yI

( )2
x x yI I Ad= + ∑ 

( )2
y y xI I Ad= + ∑ 
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Example 
Determine the moment of inertia about the centrodial axes of 
the area below.  The section has a uniform width of 20 mm.  
Units: mm. 120 

150 

Part Area xd yd 2
xAd 2

yAdxI yI

( )2
x x yI I Ad= + ∑ 

( )2
y y xI I Ad= + ∑ 

Part Area x y xA yA
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Example 
Determine the moment of inertia about the x axis of the area below.  
Units: in. 

Part I Area 2Add 

( )2
x x yI I Ad= + ∑ 

Given: 
2.85
2.35

X
Y

= 

= 

2 

2 

8 

7 
x

y 

c

X 

Y 
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Example 
Determine the moment of inertia about the y axis of the area below.  
Units: in. 

Part I Area 
2Add 

( )2
y y xI I Ad= + ∑ 

2 

2 

8 

7 
x 

y 

c

X 

Y 

Given: 
2.85
2.35

X
Y

= 

= 
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Example 
Determine the moment of inertia about the x axis of the area below.  
Units: mm. 

x

y 

c

40 

30 

30 

40 

40 120 

Part I Area 
2Add 

( )2
x x yI I Ad= + ∑ 
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Example 
Determine the moment of inertia about the y-axis of the area below.  
Units: mm.  

Part I Area 
2Add 

Given: 
70.5X = 

x

y 

c

40 

30 

30 

40 

40 120 

X

( )2
y y xI I Ad= +∑
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Example 
Determine the moment of inertia about the centroidal y axis of 
the area below.  Units: mm. 

Part I Area 
2Add 

( )2
y y xI I Ad= + ∑ 

150 

150 

15 

15 

R= 50 

x

y 

c
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Example 
Determine the moment of inertia about the centroidal x axis of the area 
below.  Units: mm. 

Part I Area 
2Add 

( )2
x x yI I Ad= + ∑ 

Given: 
154Y = 

150 

150 

15 

15 

R= 50 

x

y 

c

Y
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Example 
Determine the moment of inertia about the x axis of the area below.  
Units: in. 

2 

2 

8 

7 

x 

y 

Part I Area 
2Add 

( )2
x x yI I Ad= + ∑ 
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Alternative Solution

Part I Area 
2Add 

( )2
x x yI I Ad= + ∑ 

Example 
Determine the moment of inertia about the x axis of the area below.  
Units: in. 

2 

2 

8 

7 

x 

y 
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Example 
Determine the moment of inertia about the x axis of the area 
below.  Units: mm. 

( )2
x x yI I Ad= + ∑ 

80 

80 

60 

x

y 



9-26

Example
The two beams are connected by a thin rigid plate on the top and 
bottom side of the flanges.  Determine the moment of inertia about the 
y axis for the W6x20 beam.  Units: lb, ft

3
Cross-section

2

4

4

3

3

f

f

w

x

y

x

y

Area, A 5.87
Depth, d 6.20
Flange Width, b 6.02
Flange Thickness, t 0.365
Web Thickness, t 0.260
I 41.4
I 13.3

13.4
4.41

in

in

in

in

in

in

in

in

in

S
S

=
=

=
=

=

=

=

=

=

W6x20

 y2000
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3

2000

2

4

4

3

3

f

f

w

x

y

x

y

Area, A 5.87
Depth, d 6.20
Flange Width, b 6.02
Flange Thickness, t 0.365
Web Thickness, t 0.260
I 41.4
I 13.3

13.4
4.41

in

in

in

in

in

in

in

in

in

S
S

=
=

=
=

=

=

=

=

=

W6x20
Cross-section

Example
The two beams are connected by bolts through the flanges.  Determine 
the moment of inertia about the x axis for the W6x20 beam.  Units: lb, ft
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Example
Two L76x76x12.7 angle sections are welded back-to-back.  Determine 
the moment of inertia about the centroidal x axis.
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Example
Two L76x76x12.7 angle sections are welded together as shown.  
Determine the moment of inertia about the centroidal x axis. 
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Example
The two beams are connected by a thin rigid plate on the top and 
bottom side of the flanges.  Determine the radius of gyration about the 
y axis for the W6x20 beam.  Units: ft
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W6x20
Cross-section

Example
The two beams are connected by bolts through the flanges.  Determine 
the  radius of gyration about the x axis for the W6x20 beam.
Units: lb, ft
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Example
Two L76x76x12.7 angle sections are welded back-to-back.  Determine 
the  radius of gyration about the centroidal x axis.
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x

Example
Two L76x76x12.7 angle sections are welded together as shown.  
Determine the radius of gyration about the centroidal x axis. 
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Example
Determine the radius of gyration about the x axis of the area 
below.  Units: mm.
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