REDUCING ALGEBRAIC FRACTIONS

Introduction

Before we begin our discussion of how to reduce algebraic fractions to lowest
terms, which is the topic of this lesson, let's review the following facts about
fractions. The fraction < consists of three parts: a is called the numerator, &

b
is called the denominater, and the line in between is called the fraction bar.
The fraction bar indicates that & is divided by & . For example, the fraction ?i

means that the numeratar, 5, is divided by the denominator, 7 . That is,

2 means 5+ 7.

7

1afilz
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REDUCING ALGEBRAIC FRACTIONS

Reducing Fractions

One way to reduce a fraction to lowest terms is to divide both the numerator
and the denominator by the largest factor that can divide both (the "largest
camrmon factor' or LCF). If you can't find the largest factor, find any factor of
both the numerator and the denominator, and divide both by that factor,
Continue dividing by any other common factors until the numerator and
denominator no longer share any factors ather than 1.

Study the examples helow—especially, note how what is shown in the right
colurnn is a shorthand of the process detailed to the |eft.

The Process Writing the Process
of Reducing Fractions of Reducing Fractions
a36_36+2_18+6_3 36_}5 <
48 48-2 24-6 4 48 = 4% T 4
1N #8
|
bl?_1?+1?_1 1?_}7(_1
51 51+17 3 =
| | . A
ddx 44 -10x+x) 4+2 2 44z 4 f 2
C. = = = — e e bt
66x he+=1lDlxrs=%x) Gk % G6x ﬁ-3 1 3
I8 56 %
(2 of12 |
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REDUCING ALGEBRAIC FRACTIONS

How would you reduce a fraction that contains a negative sign?

Recall that division of 3 negative and a positive nurmber results in a negative,
and that division of two negatives results in a positive.

Study the examples Delow.

3
| sl wfsed =2 -15 -1 -3 3
|25 25+ 5 5 25 957 5 5
&
o 24_—24+12_-2 2 24 _-p4° -2 2
L%6 a3ke iy =3 & —36 _%3 F B
1
O T s F _1_1
81 -81=9 -9 9 -81 _M; —9 9
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REDUCING ALGEBRAIC FRACTIONS

Prime Factorization

Another method of reducing fractions involves prime factorization. Ay number
can be written as the product of prime numbers. A prime number is 2 wholg
number greater than one that has only two factors: 1 and itself. For example, 3
is & prime nurnber because its only divisors (or factors) are 1 and 3. A number
that has more than two factors is called a composite number. For example, 6 is
a composite number because, besides 1 and itself, it also has 2 and 3 as
factors. There are two nurmbers that are neither prirme nor composite: 1 and 0.
The following tatle shows the prime numbers less than 100,

AEAEAERER
n|lw|nw|n|=]
M| 37| 41| 43| 47 |
53 | 59 | 61 | 67 | 71 |
73| 79 | 83 | 89 | 97 |

To find the prime factorization of a number, we divide it by the smallest prime
nurmber that is a factor of the number and continue dividing by prime numbers
until the quotient is 1.

4 of 12
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REDUCING ALGEBRAIC FRACTIONS

EXAMPLE A
Find the prime factorization of 48.

Divide 48 by 2 (the smallest prime number that is one of
2:-:' its factors).

5 E Divida 24 by 2.

6 iy
EE Divide 12 by 2.

5
2 F Divide b by 2.

1
Bﬁ Divide 3 by 3. The quotient is now 1.

All of the prime numbers used as divisars in this process make up the prime
factorization of 48, which is 2. 2. 2. 2. 3,

This can be written with an exponent; 48 = CEdt
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REDUCING ALGEBRAIC FRACTIONS

Another way to find the prime factorization of a number is to use 3 factor tree.
To create a factor ree for a number, first find two factors of the number, with at

least one of the factors being a prime nurmber, and write these factors below the
number. Continue the process until all factors are prime numbers.

EXAMPLE B
Use a factor tree to find the prime factorization of 45
48

4

2 24 Two factors of 48 are 2 (prime) and 24,

N
¢ N
s 12 Two factors of 24 are 2 (prime) and 12,
o7 By
2 & Twao factors of 12 are 2 (prime) and &.

N

2 3 Two factors of B are 2 and 3 {both prime).

Afgain, you can see that the prime factorization of 4805 2 -2 - 2 2. 3, which can
he written as 48 = 2% . 3.

6 of 12
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| REDUCING ALGEBRAIC FRACTIONS

EXAMPLE C
Use a factor tree to find the prime factorization of 125,

125
N

9 Two factors of 125 are 5 (prime) and 25.
N
5 5 Two factors of 25 are 5 and 5 (both prime).

Therefare, the prime factorization of 125is 5- 5.5 ar 53

_ EXAMPLE D
Use a factor tree to find the prime factorization of 90

20

The prime factorization of 90is 2. 5-3-2 ar 2-5- 3
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REDUCING ALGEBRAIC FRACTIONS

Reducing Fractions Using Prime Factorizationh

Prime factorization can be used to reduce a fraction. First, find the prime factors
of the numerator. Then, find the prime factors of the denominator. Finally,
sirplify the fraction by canceling out cormmaon factors.

EXAMPLE E
Reduce: E
The prime factorization of 36is 2.2 .3 3.
The prime factorization of 425 2. 3.7 .
38 2.2.7.3 23 &
42 F W g
EXAMPLE F
Feduce: E
45
The prime factorization of 18i5 2. 3. 3.
The prime factorization of 455 3. 3.5
18 277 2
45 F-Z-5 5
g Df_12_
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REDUCING ALGEBRAIC FRACTIONS

Reducing Fractions That Contain Variables

Fractions containing variables (or "algebraic fractions") can also be reduced to
lowest terms. To reduce these fractions, cancel each single variable in the
numerator with the same variable in the denominator,

EXAMPLE G
2
Reduce: "
7
2 The two #2's inthe numerator and
m4 = % % = ! = 12 two of the #2's in the denominataor
i ﬁ'{ : ﬁ'{ SR B R b cancel each other out.
EXAMPLE H
6
Feduce; =
b

_ = =n

1

mﬁ_m-n-m-}{-f-jé’_i_ 3
7 £ K

+ Motice that every time you cancel a number ar a variahle, you leave a 1
behind, not a zero.

+ Note that we switched back to exponential notation for our final answers
after reducing the fractions above.

2 of 12
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REDUCING ALGEBRAIC FRACTIONS

You are now equipped to simplify fractions that involve negative signs, numbers,

and variables, as shown in the examples below, MNote that the final answers are
in exponential form.

EXAMPLE |
7.3

_ —1dx"y
Sirmplify, ——————
49x5y5

First, expand the numerator and denominatar by writing thern in the form of
multiplication of prime factors and variables:

Then cancel common factors:

_Beprsd ok A
1A LALL ALy S S

-7 x.x

Fagrep

S

?yﬂ

10 of 12
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| REDUCING ALGEBRAIC FRACTIONS

EXAMPLE J

First, expand the numerator and denaminator by writing therm in the form of
multiplication of prime factors and variables:

25 momomomomon-n

27 momomeon
Then cancel common factors:

_ ﬂﬂmmmaﬂ){
_Som-om-n

e

_5??22?2

ST

11 of 12
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| REDUCING ALGEBRAIC FRACTIONS

Extended Example 1a

1z of 12
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Reduce the fraction to lowest terms.

Find the prime factorization for the number.

116

Find the prime factorization for the number.

840
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Reduce the algebraic fraction to lowest terms.

Reduce the algebraic fraction to lowest terms.

14x3y824

5. 4.3
—28x vz

Chapter 5- Section 1- page 14



MULTIPLYING AND DIVIDING FRACTIONS

Introduction

In this lesson, you will put what to use youve leamed about reducing fractions
as you leam to multiply and divide therm.
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MULTIPLYING AND DIVIDING FRACTIONS

Multiplying Fractions

To multiply two fractions, multiply the numerators together and multiply the
denominators together. Then reduce to lowest terms.

a 4 2 4.2 2 Multiply the numerataors, 4-2 to get 8.
? - E 7.5 E Multiply the denominatars, 7 -5 to get 34,

4 _ x4 - 60 First, multiply the numerators together and multiply
12 @ 12.9 162 the denominators together

&0 = 3 20 Then reduce (shown here by dividing
= T a - = = bycommon factors of the numerator
l62+3 54 and denominatar until there is no

cammon factor except 1)
_ 2= E
8 v T

In example kb itwould have been possible to simplifty before multiphying. YWe
could have reduced the numerators and denominators by their largest common
factors as a first step:

15 4
18 9
/]/55 ‘5{2 Reduce 16 and 9 by dividing both by the comman factar, 3.
B 9.3 Feduce 18 and 4 by dividing both by the common factor, 2.

=

3-2 10 Then multiply the numerators together and the denominators

3 7 together.

zaof9
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MULTIPLYING AND DIVIDING FRACTIONS

Before we go further, note these two important things to remember about
reducing fractions:

¢ “7oOuU can only reduce a term in a numerator with a term in a denominator
by @ common factor; you cannot reduce two numerators by a commaon
factor or reduce two denominators by a comrmaon factar.

¢ vOU can only reduce fractions when you are multiphing. you cannot
reduce them when the operation is division, addition, or subtraction.

EXAMPLE A

2 1
16 7 18 _ 4 Feduce 16 and 24 by the comman factor, 8.

42 . 24 ME‘ ’2.4’3 Feduce 7 and 42 by the commaon factor, 7.
o
51 3
g 1
R E Feduce 2 and B by the common factor, 2.
1 1 1 Then multiply the numerators together and the
= E E = 3 denominators together

Zaof9
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MULTIPLYING AND DIVIDING FRACTIONS

Multiplication of algebraic fractions is very similar to multiplication of regular
fractions. As a first step, reduce by dividing the coefficients of the terms in the
numerators and denominators by their largest commaon factors. Study the
Example below.

EXAMPLE B
P 3

M e L
122 32m°

— S | 1857

122 32m°

1 3 Feduce th ficients —8 and 32 by dividing by 8.
_g x }-8’ 3 educe the coefficients —8 an v dividing by

R q
¥on 3% i
—1. g~ 2.ouin. Expand the expressions by writing them
4% ,{ in multiplication form. Then cancel

2. 4 4. m-m-m. e common factors.

i -
= i i = = After cancelling, write in expanential farm.
&4 -momom S

Also reduce the coefficients 12 and 18 by dividing by B.

4 af 9
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| MULTIPLYING AND DIVIDING FRACTIONS

Extended Example 1a

hultiply:
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MULTIPLYING AND DIVIDING FRACTIONS

Dividing Fractions

Dividing by a numberis the same as multiplying by the reciprocal of that
number. A reciprocal is a number "flipped upside down." Examples;

|  Number | Reciprocal
= &
A 2
1
— 5
4
1
B o
—
-
b =i

To divide fractions, first rewrite the division as multiplication by the reciprocal of
the second fraction, 25 shown in the following exarnple.

EXAMPLE C

5
Divide, — + 2

4
- 3 2 1 3 Dividing by 2 is the same as multiplying
—Z2 === : e
| A W 8 by the reciprocal of 2, which is /ﬁ

& aof 9
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MULTIPLYING AND DIVIDING FRACTIONS

EXAMPLE D
& 12
Divicle: et
11x7 33z
6 - 12y - 6 33« Change the division problem into multiplication
11x°3 EXT 11x°3 12y by the reciprocal of the second fraction.
: = Feduce B and 12 by the comman
= ; /g ; %2 "{ factor, B, and 33 and 11 by the
T g x-,{ 127 .y common factor, 11. Cancel x.
o 1 : i o 3 After reducing the terms as much as
Liwi.f 2% Exzy possible, multiply to get the answer.
EXAMPLE E
5 15
Divide: = 2
e ada
5 . 15 _ 5 24a° Change the division problem into multiplication

EiA 94 4 ol 15 by the reciprocal of the second fraction.

Reduce 5 and 15 by the commaon

| 4
5 ,34 -ﬁz-p‘{-p{-ﬂ-ﬂ factor, 5, and 24 and B by the

1 3 common factor, B, Cancel a's as
/g | Jﬁa P{ ﬁ'f /1’5 possible,

=% Multiply.
3

Fof9
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| MULTIPLYING AND DIVIDING FRACTIONS

EXAMPLE F

3 4
Divide: Ot + i
Tnt 21w

3 4 3 3
b i s = i ; i Multiply by the reciprocal.
m: 2 TE 2wt

/gl-m_MS-M-m-m-n
Fopi 24 e

3

o

Feduce.

]
3n Multinly.

A
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| MULTIPLYING AND DIVIDING FRACTIONS

Extended Example 2a

Chapter 5- Section 2- page 9



Multiply.

3 -
4™ 27

9n° 3m’

Multiply.

-3 4
2r lorz

@I 47°% B

Divide.
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ADDING AND SUBTRACTING FRACTIONS

Introduction

When adding and subtracting fractions, there are two possible cases; either the
denominators are the same (called like deneminaters) or they are different
(called unlike denominators). Each case requires a certain procedure. We will
stucy both procedures in this lesson.

1afi1s
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ADDING AND SUBTRACTING FRACTIONS

Like Denominators

When the denominators are the same, sirmply combing the numerators and keep

the original denominator. Remember to reduce the result to lowest terms when
possible.

EXAMPLE A
=
4 5 . ; ;
$+? These fractions have like denominators.

445
= g = = Combine the numerators and keep the denominator.
EXAMPLE B
2oL g
5 8
3 -1 . ’ ;
§+E These fractions have like denominators.
1
=] ,2’ _ 1 Combine numerators; keep the denominator.
g g_ = E Reduce to lowest terms to simplify the answer.
z D'FE
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. ADDING AND SUBTRACTING FRACTIONS
EXAMPLE C
ean s

3 3 Combine numeratars; keep the denominatar.
1

1
%4': E Heduce to lowest terms.

This procedure is the same with algebraic fractions.

3x

EXAMPLE D
s
i

=7

3r x 3x+4=x
o e

Combine the numerators and keep the denominator,
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| ADDING AND SUBTRACTING FRACTIONS

EXAMPLE E

—5x+—2x Cornbine the numerators and keep the denominator.

11
—Tx

11

EXAMPLE F

24 x

7 =147 &
—+ = =
24x 24x

Combine numeratars; keep the denominatar.

Feduce to lowest terms.

Chapter 5- Section 3- page 4



| ADDING AND SUBTRACTING FRACTIONS

Extended Example 1a
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ADDING AND SUBTRACTING FRACTIONS

Unlike Denominators

The procedure for adding and subtracting fractions with different denorminators
requires two initial steps: 1) Find the least common denominator (LCD) of the
fractions, and 2) change the fractions to eguivalent fractions with the LCD as the
denominator of both. The process in step 2 may change the appearance of the
fraction but its numerical value remains the same. Fractions that look different
but have the same numerical valle are called equivalent fractions

There are many diferent ways to find the LCD, including prime factorization.
One way to start is to organize problems into three categories: 1) those with no
cornmon factors in the denominators; 2) those with one denominatar that is a
factor of the other; and 3) those with a commaon factor in the denominators.
Once you recognize which category a problem belongs to, follow the suggested
method of finding the LCD far that category.

| Category | | Metheod of Finding LCD
The denorminators have no  Multiply the denominators
cornrmon factars. together to get the LCD.
| Examples:
| Denominators | LCD

5 and 7 5(7) = 35

3 and 11 3(11) = 33

6 of 15
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ADDING AND SUBTRACTING FRACTIONS

Once the LCD is found, the fractions must be changed into equivalent fractions.
To accomplish this, we multiply both the numerator and the denominator of each
fraction by a number such that the product of this number and the original
denominator is the LCD. For example, if the original denominator of one of the

fractions is 2 andthe LCD is 15, then both the numerator and the denominator
of that fraction should be multiplied by = (since 5- 2= 15, the LCDy. A careful
stuchy of the following examples will help make this clear.

—3a_la_, EXAMPLE G
7 15

—3a _E The denominators, ¥ and 15, have no common factors, so use the
7 15 | Category | method to find the LCD.

7 7 Multiply the denominators together to get the LCD: 7151 = 105,
— ——— | Mowwe need to create fractions that are equivalent to the original
105 1053 | ones that both have a denorminator of 105.

—3af15 11407 For the first fraction, multiplying the denominator by
ﬁ - ﬁ 15 gives the LCD [7(15) = 105], so multiply both the
7(13) 15(7) numerator and the denominator by 15.
v T# For the second fraction, multiplying the denominator
W L by 7 gives the LCD [15(7) = 105], so multiply hoth
105 105 the numerator and the denominator by 7.
o —45a - 7ia The new fractions we just found are equivalent to the original
105 fractions but have like denominators. 5o, we combine the
1274 numerators and keep the denominator,
ITIE
7 of1s

Chapter 5- Section 3- page 7



ADDING AND SUBTRACTING FRACTIONS

EXAMPLE H

The denominators, x and 7, have no common factars, so use the
Categaory | method to find the LCO.

Multiply the denominators together ta obtain the LCD:
FErs i

AT 5(x) Multiply the numeratar and the denominator of the first fraction
ﬁ_ ﬁ by 7 because x{7) = 7x, the LCD. Multiply the numerator
and the denominator of the second fraction by x because

— ﬂ_ 5_x Hx)="Tx . Curfractions now have like denominators,
Tk X

s Combine the numerators and keep the denominator. The
= terms in the numerator are not like terms, so this cannot be
x simplified further,

Chapter 5- Section 3- page 8



ADDING AND SUBTRACTING FRACTIONS

Mow |et's 00k at @ second category of unlike denaminators and the related
method for finding the LCD.

| Category Il | Maethod of Finding LCD
One denominator is a factor |The greater of the two
of the other denaminatar, denominators is the LCD,
| Examples:
Denominators LCD
Sand 15 15
22 and 11 e
EXAMPLE |
4 1
Lo e O
;i

4 1 Thedenominator5 is a factor of the denominator 15, so use the

— ——  Category Il method to find the LCD. The larger denominatar, 15, is
15 5 theLCD.

= i_ 1(3) Fultiply both the numerator and the denominator of the second
15 5(3) fraction by 3 to get the denominator equal to the LCD.

" 3 3

15 15 Mow that both fractions have the same denominator, combine
4-3 1 the numerators over the common denominator.

15 15

2 of 15
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| ADDING AND SUBTRACTING FRACTIONS

EXAMPLE J

The denominator 17 is a factor of the denominator 51, so

—+ —  usethe Category Il method to find the LCD. The larger
5l denorminator, 51, is the LCD.

)

— +E Multiply both the numerator and the denominatar of the
17(3y 51 firstfraction by 3.

g i
e R
21 51

Mow that both fractions have the same denominator,
242 5 combine the numerators over the commaon denominator.

T 51 51

10 of 15
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ADDING AND SUBTRACTING FRACTIONS

There is one more category of unlike denominators that you might encounter.

| Category Il | Method of Finding LCD

Divide one of the denominatars by
The two denominators have |the largest common factor. Then,

a common factor, multiply the other denominator by
the answer to get the LCD.
| Examples:
| Denominators | LCcD
Divide one denaminatar by the
largest common factor, 2
6 and 8 Do
Then multipky the answer by the
ather denaminatar:
d(B) = 24
Largest common factor = 6 500
12 and 18 12+6=2
20181 =36
Largest common factor = 8 so
24 and 16 24+8=173
3161 =48
11 of 15|
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ADDING AND SUBTRACTING FRACTIONS

EXAMPLE K
2t
12 20
5 s 12 | The denominators, 12 and 20, have a common factor (4, =0
12 op |usethe Category |l method to find the LCD.
Divide one denominator by the largest commaon factor, 4
7Y |12+4=3
60 60 | Then multiply that answer by the other denominator to get the
LCD: 3200 = B0
Far the first fraction, multiplying by 5 changes the
denominator into the LCD [12(5) = B0], so0 multiply
550 13(3) both the numerator and the denominator by 5.
12050 20(3) | For the second fraction, multiplying by 3 changes the
denominatar into the LCD [2003) = BO], =0 multiply
both the numeratar and the denominator by 3.
) 3 29
60 60 Mow that the denominators are the same, combine the
_ 2539 numeratars.
&0
-14 =7
= ——=— |Feduce to lowest terms.
&) a0

1z of 15
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| ADDING AND SUBTRACTING FRACTIONS

EXAMPLE L

The denominatars, 25 and 15, have a comman factor (5], 50 use
the Category Il method to find the LCD.

Divide one denominator by the largest common factar, 5
L= a=h

%_% Then multiply the answer by the other denominatar to get the LCD:
5(15) =75

403 200 Multiply both the numerator and the denaminatar af the

- . first fraction by 3. Multiply both the numeratar and the
=33 1063) denominator of the secand fraction by &

12 3 10
10

e 12-10 e 2 Combine the nurmerators,

75 75

13 of 15
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ADDING AND SUBTRACTING FRACTIONS

To find the LCD of three fractions, first find the LCD of two of the fractions. Think
of that number as the denominator of a new fraction, and find the LCD for that
new fraction and the third fraction. Study Example i carefully.

EXAMPLE M
L
5 10 12
3 3 7 The three denaminators are different. So, first find the
? e W = E LCD of the first two fractions, which is 10 (using the

Category | method).

Mow, find the LCD of a fraction whose denominator is

10 and the third fraction whose denominator is 12 (use
the Category Il method). The LCD is B0, which is the

LCD of all three fractions.

=1 T QU6 _ (o

512) 10(6) 12(3) Rewrite the three fractions as equivalent

26 54 25 fractions with B0 as the LCD.
= + —

&1 &0 &0
B 36454 - 35
- 60 .

Combine and reduce to lowest terms.

_ 55 B 11

&1 142

14 of 15
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| ADDING AND SUBTRACTING FRACTIONS

Extended Example 2a

Subtract: _'—ix— E

=

15 of 15
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For the set of denominators given, find the least common denominator.

19 and 76

For the set of denominators given, find the least common denominator.

17 and 13

Add or subtract.

oy Ty _

i2 8
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Add or subtract.

3
x

|

Add or subtract.

~n -2
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MIXED NUMBERS

Introduction

Mixed numbers are integers plus proper fractions. A proper fraction has a
numeratar that is smaller than the denominator. Here are some examples.

MWixed number 3% means 3+%

; 3 -5
MWixed number _1§ MEans —1+E

Motice that both parts of the negative mixed nurmber above are negative.

This lesson will explore mixed numbers, including how to convert therm into
improper fractions and how to add, subtract, rmultiply, and divide therm.

1afilz
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MIXED NUMBERS

Converting Mixed Numbers into Improper Fractions

A mixed number can be changed to an improper fraction. An improper fraction
i5 a fraction in which the numerator is larger than the denominator. To convert &
mixed number into an improper fraction, first multiply the integer part by the
denominator. Then, add that result to the numerator, and keep the original
denominator. Examples:

7 7 7
Mote: dj}—? and % are impraper fractions.

g itadte 8

3 3 3

WWhen a miked number is negative, the equivalent improper fraction will also be
negative. Therefore, when changing a negative mi<ed number into an improper
fraction, place the negative sign in front of the entire expression and proceed as
if it were positive, 35 shown Delow.

_63__6{5)+3__33
o] 5

3 i

d__4%=_4(3)+1= 13

Z2of 1z
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MIXED NUMBERS

Converting Improper Fractions inte Mized Numbers

An improper fraction can be converted into a miked number. To do so, divide the
denorninatar into the numerator. The rermainder over the divisar (the
denorninatar of the irmproper fraction) becomes the proper fraction part of the
rixed number. Study the examples below (the same as those on the previous
screen, but this time converting from irmproper fractions into mixed nurmbers).

47 ) 5
a —- =747 =747 — 6
7 7
=2
5

4
14 2
b. — — 314%3&14 — 44—
3 r i
=15
2
When the improper fraction is negative, the equivalent miked number will also

be negative. Proceed as if it were positive, being careful to remember to include
the negative sign with the mixed number result, as shown Delow,

X o 3
¢.-2 = 5335133 > —6Z
]

—30 Don't forget to include the

2 negative sign in the result!
d—13%3m—}»3}134—} =i
3 S 3

T Con't forget the negative signl

3of 12
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| MIXED NUMBERS

£
Questioh: Convert 95 into an improper fraction.

o
Question: Convert —E into a mixed numiber,

Chapter 5- Section 4- page 4



MIXED NUMBERS

Adding and Subftracting Mixed Numbers
There are two methods that can be used to add or subtract miked numbers. In

the following two exarnples, each mixed number is first changed to an improper
fraction. Then the rules for adding or subtracting fractions with unlike
denorinators are followed: the lowest commaon denominator (LCD) is found, the
fractions are adjusted accordingly, and then the numerators are combined over
the cormmon denominator. If combining the irmproper fractions results in an
irmproper fraction, change it back to a mixed number for the final result.

i . EXAMPLE A
Add: —2-+6—
3 10

_21+61=_2(5)+1+6(1U)+?=_E+E
3 10 5 10 S ]
1102y &7
S Lo S
] .5 M ]
22 67
__+_
1010
. R
10
=
10
= 43 Convert to a mixed number.

10

)|
=4 5 Reduce to simplify further.
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| MIXED NUMBERS

EXAMPLE B

Subtract —11 E -7 E
' 3 8

_ B+2 TE+5 35 61
E g 3 g
_ 358 61(3)
ECEC)
280 183
24 24
_ -280-183
T
463
o
-

=191
24

Chapter 5- Section 4- page 6



MIXED NUMBERS

Below we see two different methods of comhbining mixed nurmbers. In Method 1,
the mixed numbers are changed into improper fractions as in Examples A and B
above. In Method 2, we don't change the miked numbers to improper fractions.
Instead, we cornbine the integer parts and the fraction parts of the mixed
numbers separately. We use the rules for adding fractions when combining the
fraction parts. Note that near the end when using Method 2 we end up with an
improper fraction when adding the fraction parts (we get 14412, which is reduced
to 7/6)}—it is converted to a miked number before being cormbined.

Method 1 | Method 2 |
i1 sLyil!
4 12 4 12

47 1212

i i L 5 bl
=—+ = =541+ —=+—

4.2 1 12 12
S BT W R,
1212 12 6
b g2 EeTh

2 12

:?l :6+1+l:7fl

& & &
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MIXED NUMBERS

Below is an exarmple of subtracting mixed nurmbers using the two different
rethods discussed on the previous screen.

In Method 2 below, notice that after writing the fraction parts with a commaon
denominator of 13, the nurmerator of the first fraction (2 is less than the
numerator of the second fraction (111, Since the numerator being subtracted is
larger than the numerator we're subtracting from, we need to bomow from the
integer of the first mixed number for subtraction. To borrow from the integer for
the fraction, use the fact that any fraction with an equal numerator and

denorninatar is equal to one; %:1 _Inthis case, horrow 1= % fram the integer

part (50 the integer part becomes 4 — 1 = 3)and add 15 to the nurmerator
(9+15=24]. Mow you can subtract the nurnerators over the common denorinatar,

Method 1 | Method 2 |
43 11 43_ 11

5 15 5 15
_ 233 _ 26 _423 1
SEW 15 % 15
_ 59 26 _42 U
15 15 15 15
6926 a2l
T BT BT
g e 51 _o13

15 15 15

It is good to know how to use both methods of combining mixed numbers. Once
you understand both, use the method that you prefer.

gof 12
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| MIXED NUMBERS

Extended Example 1a

Add using Method 1: 3%+’?%
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MIXED NUMBERS

Multiplying and Dividing Mixed Numbers

Unlike addition and subtraction, multiplication and division of mixed numbers
both reguire & change to improper fractions before the operations can be
perfarmed. Remermber that when rultiphying and dividing fractions it is not

necessary to find an LCO.

Carefully study the examples below and on the next screen.

= (35)(
(53

Mote that the final answers are in miked number form,

(36

-
L

9

=3

wr | Lh

10 of 12
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| MIXED NUMBERS

wwhen dividing, remember to change the division to multiplication by the
reciprocal. Also, rermember to reduce all fractions to lowest terms.

G.
_4l+ EE
H

135

11 of 12
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| MIXED NUMBERS

Extended Example 2a

simplity: | &
mpn‘y[ﬁ

1z of 12
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Convert the mixed number into an improper fraction.

o | 1

Add or subtract.

6——=

4
9

Add or subtract.

Chapter 5- Section 4- page 13



Multiply or divide.

PR
\1“§JL1J=

Multiply or divide.

3 .1
4—-+3—=
5 2

-

Chapter 5- Section 4- page 14



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,

AND COMPLEX FRACTIONS

Introduction

In Chapter 1, you leamed how to evaluate exponential expressions with whole
number hases, such as 2% In this lesson, we see that repeated multiplication of
fractions can also be written in exponential notation. The correct arder of
operations with fractions is presented, and we learn about complex fractions.

1afilz

Chapter 5- Section 5- page 1



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
AND COMPLEX FRACTIONS _
Study the examples below.
3

a. [1] MEans [l] (l](l] which is equal to L

4 4 004 04 &4
b. [i] [i] [i] (i] (i] can be written as [i] and is equal i

i L A s e R 2 a2

In example a, the base is % ,and the exponent is 3. It can be read as"one-

fourth to the third power" or "one-fourth to the power of three "

EXAMPLE A
2
Evaluate: [L]
Sx
(1 1y 1
RETVIET 2552
2 4
Gueastion: Evaluate: (E]
2 of 12
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EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

In exponential expressions containing mixed numbers, the mixed numbers must
be converted to improper fractions before the exponent can be evaluated.

. EXAMPLE B
Evaluate: ll]
2

5
] Convert to an improper fraction.

IR e

3
Cuestion: Evaluate: [2 %]

Chapter 5- Section 5- page 3



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
AND COMPLEX FRACTIONS

Order of Operations with Fractions

As with whole numbers and integers, when a fraction expression has several
operations you have to follow the correct order of operations to ensure that there
is only one answer to the problern. Remember the order of operations is as
follows:

e First, perform all the operations inside grouping symbols. Start with the

innermost grouping syrmhbols.

« Second, simplify all expressions with exponents.

# Third, multiphy and divide from |eft to right.

+ Finally, add and subtract fram et to right.

The following exarnples show how to use the order of operations to simplify
Expressions that contain fractions.

EXAMPLE C

Simplify: =9 4+ % +%

4 1 There are no grouping symbols, exponents, multiplication

e E +E or division, g0 add and subtract from left to right.
2a ., i 4 a3, 4 ¥ |
e e i — —_——_— 4 —_ = —==
3 : First, add -9 + 7 3 + 3 5
15 232 1 46 | 45"
=—— Th dd ~—— = —+ — = .
5 en, & 0 i ; 7 T 7 P,

1
= _?E Convert to a mixed number.

4 of 12
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EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

EXAMPLE D

. o Bx 3
o e |
pify 10 [ 15 2]

Bx 3
—_— —] First, multiply and simplify inside the parentheses:

15
_,8/4x ,ﬁ’l _4x

I

4
g +?x Then, subtract (add the opposite).

10
:i+4x(2)

10 A
_ 8x

10

Chapter 5- Section 5- page 5



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

EXAMPLEE

e’ m
Simplify;, —— + | ——
Al G’ [ 39@]

3
] There are exponents, and addition, and multiplication.

First, evaluate the exponential expression at right:
3

5 Fa bRl -

) by rewtiting the
fin 27n?
fractions with like denominators.

3 3 3 3
g 2 ¥ _om
(9] oy (2] J Then,add—Eand(

T e’ ®) | 27552

2’

Chapter 5- Section 5- page 6



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

g
Simplify. 14+ 2| — 4+
Bt [? 2

14 + 2(l+ L]
oy

— 14+ 1(3) +i First, simplify inside the parentheses by rewriting
(3 21/ thefractions with like denominators and adding.

T = N )
21 21

{2

i mecond, divide because division appears before multiplication
2 when you read from left to right.

] Finally, multiply.

Write the result as a mixed number.

Chapter 5- Section 5- page 7



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

Extended Example 1a

Simplify; %— [H?_x?]

45 7)

Chapter 5- Section 5- page 8



EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
AND COMPLEX FRACTIONS

Complex Fractiohs

A complex fraction is a fraction that contains one or more fractions in the
nuUmerator and/or the denominator. Examples:

a1 b. 2 5
i R oE o |
2 4 4
5 5 1
7 i 3

To simplify @ complex fraction, simplify the numerator and the denorminator
individually. Then rewrite the fraction horizontally using the + symbal.

EXAMPLE G
2
Simplify: 3
4
2
F i; i Both the numerator and the denominator are
3 3 g4 already simplified. Rewrite the fraction horizontally.
4
: . Multiply by th [ I
= — —— Muli e reciprocal.
3 3 ply by P
I
9
3 of 12
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EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

17
1%
Simplify the numerator, — +i = _1{2:' + 0

6 #3y f
17 1% 17 21

implify the denominatar, 3 = = - —.

13 o2y 18 18

B
&

10 of 12
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EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,

| AND COMPLEX FRACTIONS

2

0
oL
b

3o
10

aimplify the numerator: % =

4

simplify the denominatar, ——— — = ———

5h b

2 e,
_1 03 becomes % :

5h b 54

Rewrite the simplified fraction horizontally:

Multiply by the reciprocal:

Simplify:

EXAMPLE |

11 of 12
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EXPONENTS, ORDER OF OPERATIONS WITH FRACTIONS,
| AND COMPLEX FRACTIONS

Extended Example 2a

Simplify;

1z of 12
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Evaluate.

Use the Order of Operations to simplify.

2 23

"6y

3

3 Y
4y | 2y |

Use the Order of Operations to simplify.

5

=3

F 1

2 F

_I_
-l-.n-l ~

Chapter 5- Section 5- page 13



Simplify.

5
6 12 _

G B

Simplify.

2l

7 14
2 4x
—+

Chapter 5- Section 5- page 14



SOLVING EQUATIONS INVOLVING FRACTIONS

Introduction

Sokving equations with fractions requires the use of the equation sokving
technigues and the technigues for waorking with fractions that youve learmned in
earlier sections. In this lesson, we'll practice putting these technigques to work to
solve @ variety of equations that invalve fractions.

1afo
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SOLVING EQUATIONS INVOLVING FRACTIONS

The following examples do not include fractions in the original eguation, but they

hiawve solutions that are fractions.

A 5x+3=9
=33
T
Sx 6
i
&
i
5
¢. T-18x=-4x+6
+4x +4x
P-14x =6
<~ -
—14x=-1
—14x -1
14 =
1
T

b. 3y—8=-13
+8  +B

Ay =i

S —H

i e
=2

=3

d. —6(2x—3)=4(x—5)

—12x+18=4x-20

—4x —4x
~16x+18=—-20
T
~16x=—38
~16x _ 38
18 —16
38 19
e
16§

Mote: Several answers are shown as reduced improper fractions. A fractional
answer should alwvays be reduced to lowest terms, but itis not necessary to
wirite improper fractions as mixed numbers unless otherwise specified.

zaof9
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SOLVING EQUATIONS INVOLVING FRACTIONS

Mow consider equations with fractions in them. There are two methods wou can
use to solve equations that include fractions. Using Method 1, wou work with the
fractions in all the steps of solving the equation. Using Method 2, wou eliminate
the fractions and then solve the equation.

Examples A and B below show the same equation solved using each method.

Method 1: Keeping the Fractions

EXAMPLE A
20
Solve x——=—
CI
4 5
r——===
306
+E +E A 2 to baoth sides of the equation.
3 3 3
5 R
==+
& 3
— E+i To add the fractions, change the denominators to the
R LCD, B, and change the numerators accordingly.
9.3
r= E = 5 Fractions should be reduced to the lowest terms.

Zaof9
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SOLVING EQUATIONS INVOLVING FRACTIONS

Method 2: Eliminating the Fractions

EXAMPLE B

2.9
- E: 3 The x is the anly term that is not a fraction.
£ i D : , .y :
T—E: g Wirite the x as fraction by placing it over a denominator of 1.
x(6) 2(2) 5 Since the LCD of these fractions is B, change all the fractions to
—————=—equivalent fractions with 5 as the denominator. Change the
18)  3(2) % numerators accordingly.
6x 4 5
6 &
Mow that the fractions have the same denominator, the
denominatars can be eliminated by multiplying both sides
of the equation by B.
—d = Mow solve as usual.
fdf 4 4
Gx=0
bx 9
6 B
3
r=—
2

4 af 9
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| SOLVING EQUATIONS INVOLVING FRACTIONS

The next two examples are solved using Method 2.

EXAMPLE C

Solve: Zx— l = —E
3

E The anly term that is not in the form of a fraction is
& 2%
2

Write 2x as a fraction with & denominatar of 1.

2x(12] i 103 _ _ 3} Change each fraction to an equivalent fraction with a
1012) 4¢3 = 6(2) denominator equal to the LCD, 12,

24x 3 10
iz % D
24x-3) _{ 10 Multiply both sides of the egquation by 12 to
M[ 4 ] 3 [_EJM eliminate fractions.

24x—3=-10 Mow solve.
+3 +3

24x=—7

Chapter 5- Section 6- page 5



| SOLVING EQUATIONS INVOLVING FRACTIONS

EXAMPLE D

Solve; Ex—lzE
5 10 5

2 1 3 All of the terms are fractions but with different

_x—_:_

5 10 5 denominators.
b @ Change each fraction to an eguivalent fraction with a

2(2)
5027 x_ﬁ Z 529 denominator egual to the LCD, 10.
4 1 &

_x—_z_

10 10 10

/}0/(4":_ 1] " (i]}@/ Multiply each term by the LCD to eliminate the

/1,@’ /1,@’ denominatars.

Ax—1=6 PMow solve
+1 +1
dx="7

Chapter 5- Section 6- page 6



SOLVING EQUATIONS INVOLVING FRACTIONS

Examples E and F are solved 3 litte differently. The reciprocal is used to
eliminate a fractional coefficient. This is another application of Method 2—
eliminating the fractions.

Meote: Method 2 (eliminating fractions) only works for equations. You
cannot use this method to simplify expressions that involve fractions.

EXAMPLEE

Solve: Ex—ﬁ =5
7

3
—x—6H=9
3
+& +6  AddB to both sides of the equation.
3
—x=15
7

¥ 7 Mlultiply both sides of the equation by the reciprocal of
(—]?x = lﬂ(gj the coefficient of x.

1 1
,?/_,Z_ ﬁil Write 15 as a fraction and simplify.
1
39

Fof9
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| SOLVING EQUATIONS INVOLVING FRACTIONS

EXAMPLE F

Solve: gx—l—_? =18

Chapter 5- Section 6- page 8



| SOLVING EQUATIONS INVOLVING FRACTIONS

Extended Example 1a

Sokve: 5:{—1 = -
=

6.
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Solve.

Sy—3xv=12x-17

Solve.

3z
14

Il
I
e

Solve.
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Solve.

3 2 1
— x4+ —==
714 2
Solve.
X 2
T x=-""
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