INTRODUCTION TO FACTORING POLYNOMIALS

Introduction

The distributive 2w is at the heart of factoring; factoring is the distributive (2w
used backwards. Recall that the distributive law is

alb+el=ab+tarc .

However, the equal sign is a two-way street. Looking atthe distibutive 1w
backwards, we get
ab+ac =alb+e) .

That's factoring! The factar & is comman to bath the @& term and the e term.
It can be factored out of the sum of those terms: ab +ae = alb+2)

In this lesson, we will examine the technigue of factoring out the greatest
common factor of a polynomial. We'll also study the method of factoring by
grouping . In |ater lessons, you'll see how these methods turn outto be the key
steps in sokving eqguations.
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INTRODUCTION TO FACTORING POLYNOMIALS

Termineclogy

When we write a number a5 a product of other nurnbers, we have factored the
nurmber. The numbers being multiplied are called factors. For example,

A0=2.15, 30=6-5,and 30=1. 30 are three factorizations of 30. Each
factorization has two factors. Recallthat 20 = 2. 3. 5 is the prime factorization

of 30. This factorization expresses 30 as the product of three prime number
factors.

Folynomials can also be factored, and the terminology above also applies to
pokynomials. To factor a polynomial, we start by factoring out the greatest
common factor of all the coefficients in the pokynomial.
EXAMPLE A
Factorthe pokmomial éx — 12y .
First, ook at the two coefficients, & and 15 —note that we disregard the sign of
the coefficient when we |ook for the greatest common factor. These numbers
bioth hawve a commaon factor of 2. Factor out a 2 from the polynomial;
fx—10y=3.2x—-3. 0¥
8 [2x - 5y)

= 3[2x— 5}»‘:]

To check your work, multiply the poknormial using the distributive 12w, you
should end up with the ariginal polynormial:

3[:2x+5y):3-2x+3-5y:6x+15y.
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INTRODUCTION TO FACTORING POLYNOMIALS

Extended Example 1a

Factor the polynomial 20x +30y —40z .
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INTRODUCTION TO FACTORING POLYNOMIALS

In addition to factaring out the greatest common factor of all the coefficients, you
can also factor out the lowest power of a variable common to each term.

EXAMPLE B
Factor the poknamial 15%° —10x° +25x° .

First, look at the coefficients 15, 10, and 25 . These numbers all have a
comman factor of 5. %We can factor outa 5 from the polynomial. Notice also

that the lowest power of x occurring among the terms is 2 . VWe can also factor
out an x° . We factorout 25 and an x° . or in other words. 5x°

15x% 1027 4+ 2524 =522 . 2x0 — 522 227 4524 .5
=552, (zxﬁ _oxdy 5)

= 5x° (3;{5 P 5)

Use the distributive law to check (practice doing this step "mentally," meaning
without writing it out):

5x° times 3x° equals 15%°
5x° times —2x° equals ~10x°
5x° times & equals 25x°.
Moife:

« WWhen multiplying out polynomial expressions, notice that the coefficients
are multiplied while the exponents are added.

4 of 19

Module 9- Section 1- page 4



INTRODUCTION TO FACTORING POLYNOMIALS

Extended Example 2a

Factor the polynomial 55x% — 20x% +45x7 .
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INTRODUCTION TO FACTORING POLYNOMIALS

EXAMPLE C
Factar: ??xg 4 6 33x1':' 2 3

First, look at the coefficients 77 and 33 . These numbers have a cammaon factar
of 11.We can factorout an 11 from the polynomial.

The lowest power of x occurring among the terms is &
YWe can also factor out an 2%

The lowest power of ¥ occurring among the terms is 2.
YWe can also factor out a y:‘ .

The lowest power of z occurring among the terms is 3.
YWe can also factor out a z° .

In ather wards, we'll factor out a 112%y%2%:

77285425 — 335105227 2 11255223 79927 — 1128927 352
—llxE 34 (Tyzzg-—Bxgj

= 11252 3[?;: —3x2)

continted...

& of 19
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INTRODUCTION TO FACTORING POLYNOMIALS

Example C, continued...
77255420 — 33510523 2 11,852 3[?;: —3x2)
Lse the distributive law to check the result.

First, check that the coefficients are comect;
112552 3(?;; R e

11 times 7 equals 77
11 times -3 eguals —33.
Mext, check the x factors:
112852 3(?;: —3x2) 77585426 - 33;10,,2,3

x° times (a term with no x factor) equals x-

x° times x° equals x'7.

Check the y factors:
112832 3(?;: —3x3) 775840 33,10,,2,3

y? times y° equals
y? times (atermwith no v factor) equals
Lastly check the = factors:
112552 3(?;; S e e ag i

z° times z° equUals 25

27 times (aterm with no = factor) equals z-

Anain, rermember to multiply coefficients and add exponents.

7of 19
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INTRODUCTION TO FACTORING POLYNOMIALS

Extended Example 3a

Factor 27x0y" — 63x75°

Module 9- Section 1- page 8



| INTRODUCTION TO FACTORING POLYNOMIALS

EXAMPLE D
Factor: 5x(3x-7)+2(3x-7)

First, notice that this expression consists of the sum of two terms. Recall that
terms are held together by "multiplication glue:"

5 x-(3x-7)isonetermand 2. (3x—7) is the otherterm.

Secondly, notice that each of the two terms has a common factor of [Bx— ?) ;
Wye can factor it out

Sx. [3x—7)+2- [3x—7:l = [5x+2:l-|:3x—7:]
5o, we have the factorization:

(5;{ + 2) (3;{ b T")
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INTRODUCTION TO FACTORING POLYNOMIALS

Question: Factor: 13x(21x-11)+19(21x - 11).

Question: Factor: 3a(7abe — 4) + 2(Tabe - 4) .

Question: Factor: 12¢ (95 27 4 1) — 17w (Qﬁzuj + 1) :

10 of 13
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INTRODUCTION TO FACTORING POLYNOMIALS

Factor by Grouping

YWhEnEVEr yoU are asked to factor a pokynornial with four terms, you may be ahle
to do it in stages. Start by trying to factar the first two terms. Also factor the
second two terms, separately. The resulting factorizations may have a common
factor that can then be factored out. The previous two sentences descrine one
case where the factoring by grouping method works. This technigue is best
understood by means of examples.

EXAMPLE E
Factor 6z — 10z + 21x — 35

There is no factor comrmon to all the terms, since 1 is the greatest common
factor of all the coefficients and not all terms have an x factor. We could be
stuck, or we could try to factor by grouping. To use this rmethod, factor the
greatest corrmon factor from the first two terms, and then from the second two
terms.

Start by grouping the first two terms and grouping the last two terms:
6x% - 10x+21x-35= [6;:2 ~10x) +(21x - 35)
Next, factor the greatest possible factor out of each pair of parentheses:
6x° =10z + 21x = 35.= (6x% — 10z} +(21x - 35)
:[2x-3x—-2x-5)+(?-3x——?-5)
:EX-EEE—5)+?-[3x—5)
:2x[&r—5)+?[3x—5)

continted...

11 of 19
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| INTRODUCTION TO FACTORING POLYNOMIALS

Example E, continuned...

6x2 —10x+21x-35= 2x[3x—5)+7[3x—5]

Motice that the two terms in 2x(3x —5)+7(3x - 5) have a common factor,
(3z—5), which we will now factor out:

6x% —10x+ 21x - 35= Ex[3x— 5:]+?|:3x— 5:1
= [2x+?) [3:1:— 5)
=, [2x+7) [Bx— 5:1

We've factored the palynomial! You should akways mentally check that the
factorization is correct by using the EQIL method.

Nofe:

o Always check to see if there's a factor common to all the terms of 3
polynomial as & first step when factoring!

1z of 19
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INTRODUCTION TO FACTORING POLYNOMIALS

Extended Example 4a

Factor 28x% — 8x+35x— 10

13 of 19

Module 9- Section 1- page 13



INTRODUCTION TO FACTORING POLYNOMIALS

Thereis a very useful (and sometimes necessary] shortcut for factoring &
four-term polynormial. Once you factor the first pair of terms, you already know
one of the factors of the second pair of terms! In the next set of examples, this
short-cut will rmake the factoring much easier.

EXAMPLE F
Factor 42x° —12x—49x+14 .

After we factor the first two terms, we'll see how the second pair of terms should
he factored:

42?:2 —12x—-4%x+14 :[Ex-?x— bx. 2)—49x+14
= er-[T"x— 2)—49:{ +14

= 6}:[?): - 2) —-49x+ 14
One of the factors of the second pair of terms (in the original equation) must be
[?x = 2) . Once you write that down, it will be easy to see the other factor by

distributing.  42x% —12x — 49z + 14 = 6x(7x— 2) - 49z + 14

= 6x(Tx-2)+[1) (7x-2)

The factor times 7x must equal —4%x , AND the factar times —2 must

equal 14 . Sa, the factor |7 must equal :
42x% —12x— 492+ 14 = 6x[7x— 2) —49x+14

=6x(Tx=2) +[-7] (7x -2}

4272 —12x—40x+14 = 6x[?x— 2) —?[?x— 2) continued...

14 of 19
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| INTRODUCTION TO FACTORING POLYNOMIALS

Example F, continued...

Finally, factor out the common factar (7x— 2):

42x% —12x —49x +14 = erI:T"x—E:l—?[?x— 2)
= [6;{—?)[7";{— 2)
= [6x—?)[?x— 2)

You may want to go through this 1ast example a couple of times until you get a
clear understanding of what's happening. Don't worry—it's much easier than it
seems at first. You'll have a chance to practice this technigue next.

15 of 19
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| INTRODUCTION TO FACTORING POLYNOMIALS

Extended Example 5a
Factor; 9x% — 30x— 21x +70.

16 of 19
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INTRODUCTION TO FACTORING POLYNOMIALS

Remember: ALWAYS check to see if a polynomial's terms all have a commaon
factor. If so, factor out that common factor firstl The next few problems combine
the technigues of "factoring out the greatest common factor from the first part of
this lesson with "factoring by grouping” from the second part of this lesson.

EXAMPLE G
Factar completely: 40x% — 56xz + Glxy — Bdyz |

The greatest common factor of 40, 56, 60, and 84 is 4 .
Start by factoring out 4

A0x% - 56xz+ 60xy — Bdyz =4 . 10x° =4 . 1dxz+4 15xp — 4. 21yz
=3 (lﬂlxz ~ 147z +15xy - zlyz)
= 4(10;:2 —1dxz +15xy — Elyz)

Once you factor out the 4 | you can focus entirely on the terms inside the
parentheses. Now factor the expression inthe parentheses by grouping. Start by
factoring the first pair of terms:

40x2 — 562z + 60 xy — 84yz = 4((10;;3 ~14xz) +152y - 21yz]
4((2x - 5x = 2x - Tz) +15xy = 21yz)
= 4(2x- (52~ 7z) +15zy - Z1yz)
4

continted...

17 of 19
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| INTRODUCTION TO FACTORING POLYNOMIALS

Example G, continued...

Since - Sx=15xy , one seesthat |7 = .

Also, note that - (—iz)==21yz:

Continuing with the factoring by grouping, we get

40x% — 56xz + 60xy — 8dyz = (2x(5x — 72) + 3y (5x ~ 72))

4

4123 0r T2y ¥ 395 ~"T2))
4((2x +3y) (5x = 72))
4[2x+3y)[5x—?z)

15 of 13

Module 9- Section 1- page 18



INTRODUCTION TO FACTORING POLYNOMIALS

Extended Example 6a

Factor completely: 10xy — 20xz + 5y 2z - 10yz?.

17 of 13
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Factor as shown in the Lesson: 57cd — 384°

Factor as shown inthe Lesson: ¢(2d —3)—4(3- 24 )

Use the methods presented in the lesson to factor each polynomial.
Recall that the order of the factors does not matter,

sothat(a+b)(c+d)=(c+d)(a+D).

S(m—o6n)—x(m—~06n)=
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Use the methods presented in the lesson to factor each polynomial.
Recall that the order of the factors does not matter,

sothat(a+b)(c+d)=(c+d)(a+D).
cd —1+cd® —d =

Factor as shown in the Lesson: mz + G+ 3+ 18x

Factor as shown inthe Lesson: 35— 6 —|—_‘LI':5:2 —18x
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SPECIAL QUADRATIC FACTORIZATIONS

Introduction

In this lessaon, we look at factoring special guadratic expressions. They are
special cases that should be committed to memory since these cases will come
up freguently in the remainder of this course (and the next course). Though the
techniques inthis [esson may seerm a little abstract, they will teach you the key
steps in solving equations that will appear later in this chapter.

1 of 14
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SPECIAL QUADRATIC FACTORIZATIONS

Quadratic polynomials are polynormials of degree 2 . Quadratic polynormials

with one variable can be written in the farm ax +hx+c, where @, &, and ¢
are constants and e = 0.

Earlier in this course, you encountered certain special cases when you were
learning to multiply pokynomials. The following formulas were used as short cuts
to rmultiphy hinomials (polynomials with teo terms);

(a+2)" =a? +2ab+ 27
(a—5)° =a® - 2ab+B?
(@ +b){a—b)= e

The equal sign is a two-way street. When we write these eguations "backwards "
we can use these forrmulas to factor guadratic polynornials that are in these

special forms:

at +2ab+ 8 = (a+8)°

a = 2ab+b% = (a-b)°
al-b? = [c:t +E:'j[c:—f:l)

Wi'e will be using these formulas throughout this section. If you learn to use them
well, the rest of the course will be easier. For each problem in this section, ask
yourself which of these three patterns applies.
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SPECIAL QUADRATIC FACTORIZATIONS

EXAMPLE A
Factor completely: 16x° +24x+9.

Motice that this guadratic expression has three positive terms. OF the three

formulas, only one applies:
—>a?+ 200 +8% = (a +5)’ |

a® = 2ab+ % = (a- )’
a?—d%= [a+b) [a—b)

Once you decide which of the three formulas applies, you need to identify the

terms in the given palynomial that are represented by @ and & . First, rewrite

the given gquadratic expression in the same form as the chosen formula. The

2 n

formula starts with @ | "something" sguared.

What must be squared to equal 16x47
Answer. g’ = [4xj2 =16x%, s0 a=4x.

The formula ends with &2 (Or "something” squared.)
What must be squared to equal 97
Answer b4 =134 = 9 so0 b=3
The middle term isthen 2.a.5=2.4x.3= 24x Our given guadratic

expression fits the formula pattern: ; .
ae vkl e BT = [a:+£:')

1622 +24x+9 = (4202 +2. (4x).3+ 32 = |(42+73)

Module 9- Section 2- page 3



SPECIAL QUADRATIC FACTORIZATIONS

Extended Example 1a

Factor completely: 25x% — 40x +16.
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SPECIAL QUADRATIC FACTORIZATIONS

EXAMPLE B
Factor completely: 45 + Abxy + 81}:2 :

Motice that this guadratic expression has three positive terms. We know which
formula to use;
—>|a? +2ab+5% = (a +1)’|

a® - 2ab+1° = (a—b)°

a? — 3% = [a+b)[a:—b)
Again, once you decide which of the three formulas applies, you need to find the
terms in the given polynomial that are represented by & and & . First, rewrite
the given gquadratic expression in the same form as the chosen formula. The

formula starts with @2 , something souared.
Vhat must be squared to equal 4x° 7
Answer. g = [2;{)2: 4x% 50 a=2x .
The farmula ends with &2, again something squared.
YWhat must be squared to equal 97
Answer b = (9;1:)2 =81y%, 50 b=9y.

The middle termisthen 2.4 - 5= 2 2x %y = 3éxy Our given quadratic

expression fits the farmula pattern:

a? o gl £ % = [and)

4x2 +36xy +81y% = (2202 42 2x 9y + (9% = (2x+9y)?

5 of 14
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SPECIAL QUADRATIC FACTORIZATIONS

Extended Example 2a

Factor completely: 64c_j —16cd +d 2.
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SPECIAL QUADRATIC FACTORIZATIONS

EXAMPLE C
Factor completely: 05%° — 16;;:2 .

Motice that this quadratic expression is the difference of two perfect squares.
Thergis only one formula to use: 2 4 o,h 4 32 = (a +E:nj2

a = 2ab+ 142 = (a—b)

—> |a? - 22 :[cx +b)[cx—b)

First, rewrite the given quadratic expression inthe same form as the chosen

formula. The formula starts with a2, something squared.
Wehat must be squared to equal 25527

AnSWeEr g = [5xj2= 25):2, sy gy
The formula ends with a &2, again samething squared.

What must be sguared to equal 16}:2 ?

Answer b= [4}?)2 =16y° s0 b=4dy
Apply the formula with these values for e and &

Be e 7 = [cx+b)[cx—b)
25x% 167 = (52)" = (4y)” = (Sx+4y)(55-4y)

7 of 14
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SPECIAL QUADRATIC FACTORIZATIONS

Extended Example 3a

Factor completely, 1442 — 4922
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SPECIAL QUADRATIC FACTORIZATIONS

The Sum of Two Squares

We should add one rore formula to our list of factoring formulas. Actually, this
one is a non-formulal

¥ou have seen that a difference of perfect squares can be factored as
a? - % = (@ +b)(a— b)) Unfortunately, the sum of two sguares does not

factor: @ +5° = does notfactor® Our list of factoring formulas becomes:
a4 2ab+ 5 = (a+8)
a® = 2ab+52 = (a—b)°
a?—b?= [c:t +b)[cx —E:l)
a’ +52% = doesn't factor

The remaining factoring examples for this lesson involve these four formulas.

*note:
e Assuming that @ and & do not share any common factars.

Note that some proflerns will reguire you to factor out the greatest common

factor from all the terms as a first step. Again, don't forget to check for such
carmmon factors since they should be factored out in your very first stepl
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SPECIAL QUADRATIC FACTORIZATIONS

Extended Example 4a

Factor completely: 7582 + 1272

10 of 14

Module 9- Section 2- page 10



SPECIAL QUADRATIC FACTORIZATIONS

Trinomials that have squares for both end terms look as though they may be the
square of some hinomial. Alas, most of these polynomials are not the square of
any binomial. Always check the middle term.

(@ +4)" = a® +2ab+ b

i

middle term
EXAMPLE D
s 16m% + 30w + 922 the square of a hinomial?

Only one formula could apphy here:

> |a? + 28 +07 = (a+8)°

a? - 2ab+5% = (a-2)°
b= (a+d)(a-b)

)

a:z +E:l2 =doesn't factor
But when we attempt to apply this farmula, something goes wrong:
al + 2.a b +b2 = (a+d)
[z
L6m? +30mn +922 = (4m)® +2. (dm) - (3n) + ()
T 24mn

The only possible choice for ¢ and & result in an incorrect middle term! 5o, the
pokynomial 16m° + 30men + 922 i not the square of any hinomial.

11 of 14

Module 9- Section 2- page 11



SPECIAL QUADRATIC FACTORIZATIONS

Extended Example 5a

s 36x° - 30xv + 25}?'2 the sguare of a hinomial?

12 of 14
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SPECIAL QUADRATIC FACTORIZATIONS

Sometimes you need to factor out a negative sign in order to see that a factoring
formula is applicable. When you factor a negative sign out of a polynarmial, each
termn of the original pokynormial switches from positive to negative or fram
negative to positive:

~A+B-C+D=—(4-B+C-D)

EXAMPLE E
Factor —x° +4xy — 4):2 :
AL first it Iooks like none of the factoring formulas apply. But if you first factor out
a negative sign:
—x? by —dy?i=- (xz —dxy + 4}32) :
then we can find an applicable formula to allow Us to factor the pokynomial in the
parentheses: 22 4 oab 4 p? = (a +b)2

—>|a? - 2ab+5? = (a-5)’|

a?ipds [cx +E:)[cx—bj

czz +E:2 =doezn't factor
Applying this formula, we get:

a® = vk p B = (@b
—(xz—4xy+4y2)=—(x2—2-x-2y+|:2y:]2) = —[x—Ey)z
13 of 14
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SPECIAL QUADRATIC FACTORIZATIONS

Extended Example 6a

Factor —x? - 14.13:-—49}{2' :

14 of 14
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Factor, if possible: !-?'32 — lll?i.?f2

Factor, if possible: ax’ — 8ax +16a

Factor, if possible: Fls4+dks+ 45
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Factor, if possible: (5 + 31“}2 +2(s+2t)+1

Factor the expressions using the formulas on the right, or 2 b+ bt = (g4 b)
state that they cannot be factored using the formulas. @ T =(a+d)
a’—2ab+b%=(a-5)"
Note: You should always factor out the greatest common ;. N |
factor from the entire expression before you apply any of a®—b"=(atb)la-b)

these formulas.

a? +h% = does not factor

gt —14qp%°% +40p°

Factor completely. (Hint: Factor out a negative sign first!)
93?24y -16
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Introduction

This lesson infroduces two other methods of factoring — the Reverse FOIL
Method and the AC-Factoring Method ‘e will only consider polynomials and
factors with integer coefficients in this section.
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Using the EOIL method,
(x+2)(x+3)= " +3x+2x+2.3
=x"+(3+2)x+2.3

=x*4+ S5x + 6.

Motice that the 2 and the 3 were added to get the middle coefficient 5, while
they were multiplied to get the end term of & on the right.

The Reverse FOIL Method is "reverse-engineering” the FOIL method, using the
ohservation above. Let's go thraugh some examples.

EXAMPLE A
Write x2 + 9x +20 as the product of two hinamials.

Suppose that x2 + 9x 420 = (x+a)(x+b).
Then we know that
a-b=20 [(hecause [x+cx)[x+b) = x° +hx+ax+ab)
and
a+45=9. (because [x+cx)[x+b) = x° +|':cz+EJ:|x +ad)

Can you think of two integers that have a product of 20 and a sum af 97

Think ahout the various ways of factaring 20 as the product of two factors while
checking to see which two factors add up to 9. The numbers 4 and 5 come to
mind since 4.-5=20 and 44+ 5=9% . Therefore,

x4 +9x+20=(x+4)(x+5).
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Extended Example 1a
Write x° +10x+ 21 as the product of two binamials.
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

EXAMPLE B
Write x° —11x+24 as the product of two binomials.

This guadratic polynomial could only be the product of two binomials if it could
fe wiritten in the form:
22w 1 lxd 24 = [x—aj[x—b) ]
The product of the negative ¢ times the negative & is positive 24 . The two
negative terms add up to a negative middle term. As before, we seek @ and &
such that
a-h=24
and
o e o i

Can you think of two integers that have a product of 24 and add upto 117

Mow & and 4 have a product of 24 | but they have a sum of 10 e need
factors with sum 11,

And 2 and 12 have a product of 24 | but their sum is 14 . WWe need the factors
toadd upto 11.

Ahal B and 3 have aproduct of 24 | and they addup to 11.We need 8 and 3.
Therefore, we have:

22 —11x+24 = (x—8)(x-3)
Checking: When factoring, it is always a good idea to check that wou factored

correctly by multiphying your factors (at least "in wour head"). It's easier to
multiply than it is to factor. Using the FOIL method, we check our factorization:

(x-8)(x-3)= x%-3x-8x+24

= 2% 11x+24
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Here are a couple of additional things to note that rmight help you with factoring.

Mofes

« The order of the factors isn't important, since multiplication is
commutative. Either factor may be written first. For example, from the
previous screen:

- 1x+24=(x-8)(z-N=(x-3(z-89)

« Sometimes the numbers with the desired product and sum are not
immediately obvious, The more factors the numbers have and the larger
the factors, the more difficult it is to find the right factorization.

o Thereare times when wou need to systematically write down all
possible factorizations to find the right one, or to show that there
i5 no factorization.

5 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

_ Extended Example 2a
Virite x2 —19x+90 asthe product of two binomials.
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

EXAMPLE C
Wirite x° +5x—14 asthe product of two binomials.

This guadratic polynormial could be the product of two hinomials if it can be
wiritten in the farm:

x2+5x—14: [x+.::)[x—b).

The product of the positive & times the negative & equals negative 14 . YWhen
we add a positive number to a negative one, we are really subtracting. We seek
@ and & such that
a-bh=14
and
a—h=5

zan you think of two integers that have a product of 14 and a diference of 27

Ahal 7 oand 2 have aproduct of 14 AND a difference of 7—2 = 5 We need
7 oand 2. Therefore,

x4 5x—14=(x+7)(x-2).

7 oof 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

NMote:

+ ‘When the lastterm of a polynomial is positive, as in x4 — 122435 ook
for two numbers with & product equal to the last term and a sum egual to
the middle coefficient.

+ ‘When the lastterm of the polynomial is negative, as in x4 +5x— 14 look

for two nurnbers with a product equal to the last term and a difference
equal to the middle coefficient.

» When the lastterm is negative, also note that;

o the larger of the two numbers goes with the minus sign if the
middle coefficient is negative. For example;

22— Sx—14=(x-T(x+2).

o the larger of the two numbers goes with the plus sign if the
riddle coefficient is positive. For example:;

x? 4 5x—14=(x+7)(x-2).

g of 23

Module 9- Section 3- page 8



FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Extended Example 3a

Write x? —3x—18 as the product of twa binomials.

Module 9- Section 3- page 9



FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Recap

For the table below, assumethat e, &, ¢, and & are all positive integers.

Polynomial | Factorization | Requirements Comments
2 a-b=d : 3 35
X +ex+d | (x+a)(x+8) 3 Everything is positive.
ath=c

The two negatives add

a-b=d up t tive midd|
- _ g p to a negative middle
—cx+d | (x-a)(x-B P term. Their product is

positive.

@b =d & since the middl
, B 2 - @ = & since the middle
Pteox-d | (x+a)(x-8) a—h=r term is positive.

a-b=d b s the middl
i i o @ <4 since the middle
X —cx—d | (x+a)(x-2) it term is negative.

10 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

When the coefficients of the guadratic polynomial are large, it may be difficult to
find the two numbers & and & . Again, sometimes you need to systematically
wirite dowen all possible factorizations to find the one that works. Despite wour
effarts, same polynomials simply cannot be factared this way. To prove that a
given palynarmial cannot be factored, you often need to do an exhaustive and
systematic evaluation of all possible values of @ and &

The following simple arithmetic facts can help reduce the guesswork:

# An even number has a factor of 2 hiding within it.
(Forexample: 14=2.7 )

# The sum (or difference) of two even numbers is even.
(Forexample: 4 +6=10)

# The sum (or difference) of an even number and an odd number is odd.
(Forexample, 44+5=9)

EXAMPLE D
Vrite 72 —19x+48 as the product of two binomials,

For this example we'll use a "brute force" approach. Given its form, we know that
this polynomial must factor as x2 — 19z +48=(zx—a)(x-2).

The product of the negative & times the negative & is positive 48 | and the two
negative terms add up to a negative middle term. We seek @ and & such that

a-bh=48 and a+iH=19
continued...
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Example D, continued...

We seek two integers that have a product of 48 and a sum of 19 | If the
numbers do not come to mind. then we can always list all the possible ways that
4% can be written as the product of two numbers. The factors that add up to 12
are the ones we need, Start by finding the prime factorization of 48

B W
4B esntyg

The prime factorization of 48 consists of four twos and one three. Some of

these factors multiply out to give @ , and the rest multiply to give & By brute
force, we can write down all the possibilities .

9
@ -b=48 at+a=19
1.48 =48 1+45=4%9 toolarge
224 =48 2424 =26 . toolarge
4.12=48 44+12=16 _ toosmall
a-6=4%8 a+6b=14 ... oo small
16-2=48 164+ 2=1%  justright!!

The last row of this table shows the factors we need. Therefore,
22 —19x+48=(x—16)(x-3).

1z of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

EXAMPLE E
Vrite 72 —19x+48 as the product of two binomials,

This is the same problem as in Example D. But this time we won't approach it by
looking at all possible factorizations of 48 . Instead, we'll try to think like a
detective and use deductive reasoning.

We know that x2 —19x+48= (x—a)(x—&) with

a-b=48 and a+s=1%
Wie seek two integers that have a product of 45 and a sum of 19 . As before,

start by finding the prime factarization of 45
48 =@ @l = Hs Feldi= Ea Fe@nh = FoBndaFe 3

48 =2%. 3
The prime factarization of 48 consists of four twos and one three. Some of these
factors multiply out to give us & , and the rest multiply to give us & .

We know that @ +45 = 19 Motice that their sum is an odd number. Recall that

an even number plus an even numkber is an even number. 50, both ¢ and &
cannot be even. One must be odd, which means that one of the numbers must
hiave all of the (even) four 2 factors. 22.2-223=48

16, 3
i a + b =19
Let 27 = 16 = & and then let the remaining factor 3 =% Then

a-b=48 and a+b=1%
We find that 2 — 19x +48=(x - 16)(x - 3).

13 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

5 Extended Example 4a
Write x* — 27x— 160 as the product of two hinomials.

14 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

AC Factoring

The technigue called AC -Factoring is used when the leading coefficient of the
quadratic to bhe factored isn't 1. Every previous example had a leading
coefficient equal to 1 because each polynomial was written with 2° = 1. x* . This
new technigque is called AC -Factoring because of its first step. To factor the

palynarnial Axd + Br + 0

begin by multiphyving the first and last coefficients to get the product AZ . Then
loak far two numbers with a product of A2 and a sum of & 1t is a similar
guessing game to the one we have heen playing thus far,

As is often the case, this process is best shown by exarmple.

EXAMPLE F
Vrite 6x° +19x+10 as the product of two binomials,

Here A- T = &0 We seek two numbers with a productof 60 and a sum af 19,
Start by finding the prime factorization of 60;
6l =2:30=2-2:15=2-2:3+D
60=2%.3.5
The prime factorization of 60 consists of two 25, one 3, and a 5. Since the sum
of our nurmbers, 19, is odd, one of our numbers must be even. The other must
be odd (else the sum would be even). So the 25 must stay together; one of our

numbers has afactorof 4. 2-2-35=60
4 15 )
a + h =19 continned...
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Example F, continued...

Wwhat dowe dowith the 3 and 5% Let the 3 and S Qo to the other factor, One
factor is 4 and the other is 15. Then the sum is 19, as desired.

Wie have found numbers with a product of 60 and sum 19— namely the

numbers 4 and 15, The next step of the AC -Factoring rmethaod is to rewrite the
middle term of the original polynormial using 4 and 15:

6x2 +10x+10 = 6x% +4x +15x+10 .

Now for a surprising development — factoring-by-grouping works to finish the job:

6x% +19x +10 = (6x° + 4x) + (15x + 10)
= 2x[3x+2)+5[3x+2)
= 21 3% £ 2} 5035 £.2)
= [2x+5)[3x+2)
= I':Ex+5:l|':3x+2:l

A5 uUsual, one can use the FOIL method to double check that the factorization is
correct:

(2x+5)(3x+2) = 622 +4x+152+10

= 6x% +19x +10.

16 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Extended Example 5a
wirite 10x2 + 27x—28 asthe product of two binomials.

17 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

As we've mentioned, sometimes quadratic polynomials do not factar. In our next
example, we will encounter such a beast and prove that it does not factor as a
product of binormials with integer coefficients.

EXAMPLE G
Factor yg + 4y — 16 as the product of two binomials with integer coefficients.

This guadratic polynormial could be the product of two binomials it it can be
written in the forrm:

yz +4y—15:[y+a)[y—b).

The product of the positive @ times the negative & is negative 16 . When we
add a positive number to a negative one we are really subtracting. ¥We seek «
and & such that:
a -b=16
and
a—hb=4.

continted...

15 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Example G, continued...

Can you think of two integers that have a product of 16 and a difference of 4 2

Let's look at all the possible factorizations of 16 as the product of two positive
integers:

7
a-bh=16 a—h =4
16.1=16 16—-1=15 ... too hig
8-2=16 P i 5 ... too big
4.4 =16 4-4=10 ... too small

kone of these combinations of & and & work. There are no other possible
values for @ and & . This proves that we are being asked to do the impossible.

The guadratic polynomial, yz + 4y — 16 does not factor. Sad but true.

Polynomials like this one that don't factor are sometimes called prime (just like
integers that don't factor into & product of smaller integers).

Reminder: So far inthis lesson, ithas not been possible to factor out 3
greatest cornrnon factor from & pokynormial first. However, ahways check for
comrnon factars hefore attempting amy other type of factoring.

19 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

EXAMPLE H
Factor completely: 3x4y . 18x3y - 48xzy :

Each coefficient is divisible by 3 and by x°y . Factoring out 3x°y , we get
3:154;13— 18):3_}?— 48){233 = 3;{2}3 (xz — g 16) .

Wi will try to factor the quadratic factor in parentheses, x% —6x—16. This

guadratic polynomial could ke the product of two binomials if it can be written in
the form:

x —6x—16= I:x+c:t:||':x—b:l.

The product of the positive ¢ and the negative & is negative 16 . When we add
a positive number to a negative one we are really subtracting. We seek & and
& such that
a-b=16
and
b—a =6,

continwed...

Z0 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Example H, continued ...

Can you think of two integers that have a product of 16 and a difference of & 7
Let's look at all the possible factorizations of 16 as the product of two positive

integers:
9
a - b=16 a—d =0
16.-1=16 lo—-1=15 ... too hig
B.2=16 H—2=#8 ... Just rightl
4.4 =16 4—-4=1 ... too small

One can see thatthe numbers 8 and 2 work. The middle term is negative. The
larger number 8 goes with the minus sign in the factorization:

x? —6x—16={x+2)(x-8).
Ye now use the above factorization in our original problem:

3x4y R 18x3y iz 48}:2_}? = 3):2}3[[;{2 e 16)

= 3x2y|:x+2:l|zx—8j.

21 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

WWhenever a trinomial to be factored beging with a negative sign, you need to
factor out the negative sign as afirst step. Once you factor out the negative, you
can ignore it (just make sure you keep copying it out in front, 35 you go from
step to step).

EXAMPLE |
Factor completely: —x+14x—24

First we factor out a negative sign (the negatives become positive and the
positive hecomes negative:

—x? 41dx-24 = —I[xg —14x +24) :

Mowe we can factar the trinaomial in the parentheses. We need two numbers with
product 24 that also add up to 14

=—[x2—14x+24)=—[x—a)[x—b).
Ahal 12 and 2 do the trick:
= —[(x® - 14x+24) = - (x-12)(x - 2).

22 of 23
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FACTORING QUADRATICS WITH INTEGER COEFFICIENTS

Extended Example 6a

Factor completely: — ;}:"‘ SRR

23 of 23
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Factor, if possible: x% -5z +6

Factor the expression, where possible. If it is not factorable, write “Prime”.

Remember that (a+b)(c+d)=(c+d)(a+Db) (multiplication is commutative)
so the order of the factors doesn't matter.

4p*—8p-320=
(Hint: Factor out a 4 first)
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Factor, if possible: 16x% —16x —12

Factor the expression, where possible. If it is not factorable, write “Prime”.

Remember that (a+b)(c+d)=(c+d)(a+Db) (multiplication is commutative)
so the order of the factors doesn't matter.

—x%—13x-30=
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SPECIAL CUBIC FACTORIZATIONS

Introduction

In this lesson, we look at factoring special cubic polynomials. These are
special cases that should be committed to memory as they will come up
occasionally in the remainder of this course (as well as the next course). The
technigues demonstrated may seem a little abstract but they are key steps in
solving equations later in this chapter. In addition, these types of equations
actually arise in reakworld problems.
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SPECIAL CUBIC FACTORIZATIONS

Factoring the Sum and Difference of Two Cubes

Cubic polynomials are polynomials of degree 3. We will learn to factor the
surn and difference of two cubes using these two formulas:

a’ +3% = [a: +b)(a2 —ab +E:12)
a’ -3 = [a—b)(az +czb+f:12).

The walidity of these factorizations can be dermonstrated by multiplying the
factors. We multiply the right side of the sum of cubes formula:

[cx+b)(a2 —ab +bz):a3—cxzb+cxbz +alh—ab® b7
= a - B+ T+ 3% - g P
=g’ 4+

Everything cancels out except the cubed terms. The difference of cubes formula
can be validated in the same way.

A Word to the Wise
The guadratic expressions that occur within the parentheses inthe
cubic factorizations (ﬂz —ab+5% and a® +ab+ b2 j, never factor

furthier. Maryy students have missed a problem by trying to go further
than necessary.
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SPECIAL CUBIC FACTORIZATIONS

For this lesson, it will help you to know the cubes of the first few positive
integers, given belo:

P = 4% = 64 7 =343 10° = 1000

g3 8 53 08 gF s 11321331

- E e 67 = 216 ES oy 193700
EXAMPLE A

Factor completely: = +27.

Since 27 = 37, this is a sumn of two cubes, x- 4+ 3° . Applying our sum of cubes
factoring formula, we get o3 427 = (a +f?)(ﬂ2 —ak +g;.2)

Peepe e P e aed) n 38
# +27= (x+3)(x" = 32 +9)
EXAMPLE B

Factor completely: 27 ro 434327

since 27= 3 and 343= 77 this is a sum of two perfect cubes: [3rj3+ [?2)3.
Applying our sum of cubes factoring formula, we get;
3 35 s 2 2
a+b-[a+b)(cx—a-b+b)

2707 +3432° = (3 +(72)° = (3 +?zj(|[3r)2 - 3Tz +(72)°)

27 +34327 = (3r +72)(9r% - 21z +4927) .

Module 9- Section 4- page 3



SPECIAL CUBIC FACTORIZATIONS

Extended Example 1a

Factor completely: y~ +125.
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| SPECIAL CUBIC FACTORIZATIONS

EXAMPLE C
Factor completely: 27 X0 — 3437

Since 27 = 37 and 343 = 77, this is a difference of two perfect cubes:
3 3
2720 —343p7 = (3x) = (Ty).
Applying our diference of cubes factaring farmula, we get:

=|:a—b)(c12 G il o E:-z)

27x% - 343y = (3x)° = (1)° = (3x - ) [[3;:)2 +3x- 7y + (7))

27x7 — 343% = (3x - Ty) (9x2 +21xy +497)
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SPECIAL CUBIC FACTORIZATIONS

Extended Example 2a

Factor completely, W7 — &3
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SPECIAL CUBIC FACTORIZATIONS

EXAMPLE D
Factor completely: 3000 ;:-4 = 81pq5 :

Eoth coefficients are divisible by 2 . In addition, both terms have a common
factar of z We will factor out their greatest commaon factar, 3p ¢

3000 p% +81p4° = 3p (1000;3 + 2?g5) .

3
Since 1000 = 107, 27 =37, and gﬁ = (qz) . the expression in the
parentheses is the sum of two perfect cubes:
3
1000 p% + 274° = (10pY" + (3.:;2) :

Applying our surn of cubes factoring forrmula, we get
THLC QR 5 =[a+b)(cxz— a-h + bz)

(10p) +(3q2)3 (10p+3q2)[[10p)2 —10p - 3¢° +[3q2)2j

10007 +274% = (107 +3¢%)(100p% —30p¢® +94*)

Finally, we insert this factorization into our original prablem:
3000 * +81pg° = 3p (1000;3 +27q6)

= 3p (102 + 3¢%)(100p% - 30p¢% + 9¢*)

2 Bp(mp + 3@'2)(100;:'2 ~30pg” +94%)
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SPECIAL CUBIC FACTORIZATIONS

Extended Example 3a

Factor completely: 500m° — 32 m2a!?
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SPECIAL CUBIC FACTORIZATIONS

Summary

In this lessaon, we have added two more formulas to our list of factoring formulas.
These will he very useful in the next section, as well as in the following chapter.
The complete list is below.

FACTORING FORMULAS

Binomial sum s¢quared: a® +2ab +b° = (c;t +,_=;.)2

Binomial difference squared: ,;;2 — 2ab +f;-2 = (.:;: - bjz

Sum of squares: a® +b% = doesn't factar

Difference of squares: a -5 =(a+&)(a-b)

Sum of cubes: a3+b3:[a+b)(a2—ab+bg)

Difference of cubes: a’ -8 = (a —b)(cxz + ab +E:12)
END OF LESSON ErTE
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Factor the following polynomial.
pi4s12

Factor the following polynomial.
Hint: First factor out the greatest common factor.

3x° +8113y3

One factor of a sum or difference of cubes is given.
Which sum or difference of cubes is it?

x4 4855425
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| SOLVING EQUATIONS BY FACTORING

Introduction

In this lesson, we will put our factoring expertise to work to solve equations. A
basic idea that we will use is the zero property of multiplication;

If 4-5=0,theneither A=0or =0
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SOLVING EQUATIONS BY FACTORING

The Basics of How to Solve by Factoring

To solve equations by factaring, first move all the nonzero terms to one side
of the equal sign. We will then have

mammething =0

Factaor that special Sweething and we will have a product of factors that
equals zero;

samething = [faczc:-rljl : (facmrz)L (facmrn) =l

Thanks to the zero property of multiplication, we can set each factor equal to
zern { factzr = (), and then solve each eguation individually to find the

numbers that rmake our original equation have a value of zero.

This process converts a difficult problermn into a few easy problems!

2 of 14
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SOLVING EQUATIONS BY FACTORING

EXAMPLE A
sobe (x=2i(x—bl[x t31=0
For this product to equal zero, one of the factors must be zero.
et each factor equal to zero and solve the resulting linear equations.
In this example, we have three individual equations to solve.
X migi= T b= XS =1

ar =6 ar Xy

These three numbers are all solutions to the original equation.

Once an equation is factored into a product of linear factors that equal zero, as
WOU can see, it's fairly easy to solve. The hard work is getting the equation into
that form. The most difficult part of this process is factoring the equation.

3 of 14
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SOLVING EQUATIONS BY FACTORING

Question: Solve: (x—4){x+7)(x+9)1=0.

Question: Salve: [2x+1)(3x- 2)(5z-9) =0,

Question: Solve: (9x—7)(3x-8)=0.
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SOLVING EQUATIONS BY FACTORING

EXAMPLE B
Solve: x° —13x+36=0

This equation is of the form Samedhing =0 .

If we can factor the polynomial, we can solve the equation by the Zero property
of multiplication. A factorization of the polynomial must be of the form

x? —13x+36= [x—cx)[x—b) ]
where gb =36 and e +5 =13 . The sum of & and & is odd. Therefore, ane
number is even and the other is odd. Their product must equal 36 .

Ahal 4.9=36 and 4+ 9=13_ We have factored the polynamial:
x% —13x+36=0
(x—41{x—9)=0
A product equals 0 whenever one of its factors is 0
x—4=10 x—9=10

x=4] or

These two numbers are the solutions to the given equation.

5 of 14
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SOLVING EQUATIONS BY FACTORING

Extended Example 1a

Solve: x'Q —x—30=0,
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SOLVING EQUATIONS BY FACTORING

Often you will have to do some algebraic juggling to get an equation to the point
of factoring. Do not factor expressions that do not equal zero! First, get
everything on one side of the equal sign. THEN factor.

EXAMPLE C
Solve: x(x+1)=42,

First, we must get into the form Sasmetiizg = 0. Subtract 42 from both sides:

x[x-+1) = 42
-2 =42
x[x+1}—42=0

Distribute the x to eliminate the parentheses:
xl4x—42=0.
Tao factor the polynamial, we need twa numbers with a product of 42 and a

difference of 1. Two consecutive integers with product 42 ... Ahal 7- 6 =42

and 7—& = 1. One of the numbers is positive and the other is negative, since
their product is negative. Since the middle coefficient is positive, the larger
number, 7, goes with the plus sign. Thus, we have factored the polynomial:

4 x—42=0
(x—6)(x+7)=0
x—6=1 x+7=10

=6 ar x=-7

7 of 14
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| SOLVING EQUATIONS BY FACTORING

Extended Example 2a
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SOLVING EQUATIONS BY FACTORING

EXAMPLE D
Solve: 2x(2x —17) = 2x% - 17x- 35
First, distribute the 2x to eliminate the parentheses:
2x(2x—17)= 222 =172 - 35
4x% - 34z = 2x% —17x - 35

To getthe last equation into the form Somethizg = 0, move all the terms to the
left side of the equal sign:

Ax% - 34x = x4 —17x-35
~2t 1 Tx 435 —~ 2t lizd 5
274 —17x+35 = 0

To factor the polynamial, we'll use A factaring. Multiply the twa end numbers
to get 70 . We seek two numbers with a product of 70 and a sum of 17 . MNow,
T0=2-5.7 Amoment's thought reveals that 107 =70 and 10+7 =17
Both numbers are negative since their productis positive 35, wet they add up to
—17 . Rewriting the middle term, using 10 and 7 , we get:

2x? _17x4+35=2x% —10x—Tx 435

continted...
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| SOLVING EQUATIONS BY FACTORING

Example D, continued...

Dxd —17x+35=2x% —10x—Tx+35

Using factoring-by-grouping, this becomes:
0xd —17x+35 = (21{2 —mx)—?x+35

= Ex[x—ﬁ —Tx+35
(-3
7] (x-5)

Thus, we have:
2x2 —17x+35=0
(2x-7)(x-35)=0
A product equals 0 whenewver one of its factors is O
i ] x—=5=10
dr=T T
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SOLVING EQUATIONS BY FACTORING

Extended Example 3a
Sove: 3x(x—-3)=2(x+10) .

11 of 14
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| SOLVING EQUATIONS BY FACTORING

EXAMPLE E
Soive: &7 (3x-40) +2=2(x* +1)- 72z
First, distribute to eliminate the parentheses:
(3x-40)+2=2(x* +1) =72z

20 _40x2 2= 2x2 £ 2 Tox

To get itinta the form Soeethizg = 0, move all the terms to the left side of the

equal sign:
3x0 — 4072 + R S g N
Sggdpaagne. _gpdiagpesy

I —42x4 4+ T2x = O
Each coefficient is divisible by 3 and x . We can factor out 3x:

s T Sty ey
3):(3:2 —~ 144 24) 0

continted...

1z of 14
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SOLVING EQUATIONS BY FACTORING

Example E, continued...

To factor the polynormial in the parentheses, we will need two numbers with a
product of 24 and a sum of 14 A moment's thought reveals that 2. 12 = 24
and 2 412 = 14 . Both numbers are negative since their product is positive 24 |
yet they add up to —14;

3x(x2 —14x+ 24) ]

3x[x—2)[x—12) =1
A product equals 0 whenever one of its factors is O;

r—2=10
Jri="7

These three numbers are the solutions.

13 of 14

Module 9- Section 5- page 13



| SOLVING EQUATIONS BY FACTORING

Extended Example 4a

Soive. 7 Bria =0t X2

14 of 14
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Solve the following equation.
(6y+1)(4y+7)2y-9)=0 y=7

Solve the following equation.
x(5x+23)=10; x=7?

Solve the following equation.
g 3yt +49)-yt =21y7 y =2
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