| GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Introduction

In this lesson, we will examing how to graph linear equations in two variables.
As the word "linear” suggests, the graphs of all such equations are lines.

%
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

A Word to the Wise

You may want to review the lesson called "The Cartesian Coordinate Plane
and the Distance Farmula" before beginning this lesson. Links to some
raterial from that lesson are provided on the next screen for your reference.

Let's consider the equation y = 2x+1.

For any chosenwvalue of x , we can find a corresponding walue for |

For example, et x = 0 in the equation above. Substituting the value x = 0 into
the equation, we get:

y=2 - x+1
y=2-0+1
y=0+1
y=1

Therefore, if x =0, then » = 1. This means that if we substitute the values x =0
and v =1, the equation makes a true statement:
y=2.zx+1

v
=281

i
=04 1

1=1 Truel

Z2 of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Because they make atrue statement, the walues x = 0 and y» =1 are saidto
satisfy the equation ¥ = 2x+1. These values are the x and y -coordinates of
a point in the Cartesian coordinate plane—point [D,l) . To graph the equation

¥ = 2x+1 isto graph the line with ordered pairs that satisfy the equation. Most

points do not satisfy this equation. Sumprisingly, those points that do all lie on the
same straight ling when graphed.

WWe can now start our graph by plotting the one point that we know is on the line
¥ =2x+1, the point (0,1}

Finding only one more point will allow us to graph this line. Howeyer, it's a good
idea to plot more than two points (especially as you're learning. If ywou find that
they don't lie on the same ling, you'll know you've made a mistake.
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Let's find a few more points that satisfy » = 2x+1, and then graph the line. It's
helpful to make a table with columns for the x-coordinate, the w -coordinate,
and the resulting point. Start by filling in a few x values. While you're free to

pick any numbers for the x-calumn of this table {including numbers like %3 ar
3.1415%9 or 4,729, it's a good idea to pick numbers that are easier to work
Wwith.

Far the table below, we have already found the first point, (0,17 . Next we pick
other small integers to fill inthe x-column:

¥ Point
1 = {01)

|

=

wye fill in the blanks inthe y column by substituting each of the x values into
the equation to find the corresponding » value. This substitution and the
resulting points are showhn on the nest screen.

4 of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

The completed x-y table below shows our chosen x values and the » values

that result when those x walues are substituted into the original equation. The
substitution for x to salve for v is shown to the left of the table. The resulting

ordered pairs are listed on the right.

Original equation:
y=2-x+1 x ¥ Point
y=a. 041
gt — 6 R
y= 1 0o |1 |—= (6]
y=2-1+1
e
y= 3 1|3 |- (L3
p=2ad+1
yp=4 + 1
y= 5 2 | 5 | = (25
y=2-|':—1)+1
R ot |
gt ]|
y=2-[—2)+1
y= =44 1
y=_ -3 2| -3] - (=273
5 of 16
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| GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Mow we have a table of x and y wvalues (below), and their corresponding
points, forthe equation w = 2x +1 . Mext, we plot these paints.
.u}?

X ¥ Puoint 3 .
0 (0,1) g
1
2

(13
(25) 1
(~1.-)

(-2,-3)

To graph the ling, just connectthe dots by drawing a line through the points:
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Mow you see why we call equations such as ¥ = 2x+1 linear. Their graphs are
all lines. In this example, we showed only a small section of a line that extends
infinitely in both directions. Sometimes arrows are shown on both ends of the
line in a graph to indicate that the line is infinite.

¥

3

Each point on a line represents a selutien to its lingar equation. If a point is on
the line, the point's x- coordinates make the equation a true statement. If a

point is not on the line, its x-» coordinates make the equation a false statement.

Plotting only two solutions to a linear equation would allow us to graph the line
and wisualize all of the infinitely many solutions, one for each point on the line.

However, although it only takes two points to graph aline, be SURE you have
the comrect points! Finding more than twao points is one way to help make sure.

7 of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

_ Extended Example 1a
Graph the line » = 3-4x .

Module 7- Section 1- page 8



GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Graphthe line 2x+ v =3

EXAMPLE A

This is a linear equation in standard form, Ax+ Sy = with constants
A BT Forthisline, 4=2, =1, C'=3 Trytofind the simplest numbers
that make this eguation true. Start with 0 and 1. Let x = 0 and find ¥ . Again,

we start with & table:

2xt+y=73 x | ¥ Paint
2. 04y=3
Qisgro 3

=3 6| 3 | = (@3

We found that if x =0, then y» =3 We need one more point to plot this line. If

we et x =1, we get another easy solution

dx+y=3 X | W Point
2.0+3=3 (0,3
2 1+y=73
2 opsis
y=1 11 |- (LY
continued..
9 of 16|
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Example A, continued. ..

It we plot (0,3) and (1,1} and draw the line through them, we've graphed the

given line.
i

2x+y=3

L R T )

X
01 3

Aswas mentioned above, it only takes two points to graph a line. However, it
doesn't hurt to find at least three points when graphing lines in order to rule out
possible mistakes. If your three points aren't on a straight line, go back to the
drawing board—there's a mistake in one of your calculations.

Note:
» |nthe previous examples, we've substituted numbers far x and solved to
find corresponding walues for » . Equally, one can find points on a line by

substituting numbers for » and solving for x . There's a simple way to
decide if wou should start by substituting a number for x or for » @ do
whichever is easiest. If you can't decide, try it both ways!

* The mast popular number to substitute with is 0 the second most popular

number is 1. These are usually the easiest numbers to substitute into an
algebraic expression because the arithmetic is easier to perform.

10 of 16

Module 7- Section 1- page 10



| GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Extended Example 2a
Graph the line x — 3y = 1.

11 of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Intercepts

The place where a line crosses the y -axis is called the y -intercept. Fecall that
a point's x-coordinate is essentially the distance from that point to the  -axis.
50, all the points on the y -axis have an x-coordinate of 0.

Similarly, the place where a line crosses the x -axis is called the x -intercept.
Fecall that a point's y -coordinate is essentially the distance from the point to

the x-axis. S0, all the points on the x-axis have a y -coordinate of 0.

For example, in the graph below, the x-intercept is the point (0,2) and the
¥ -intercept is the point (—=6,0).

Usually, the points on the coordinate axes are labeled with only their non-zero
coordinate. We'll follow this convention in the next set of examples.

In previous examples, we often substituted 0 in the linear equations to find our

first point to plot. Each time we did this, we found one of the intercepts. Mow, we
will plot each line by finding both its x-intercept and its y -intercept.

1z of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Extended Example 3a
Graph this line by finding its x and ¥ -intercepts: 3y +5x = —30 .

13 of 18
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| GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

EXAMPLE B
Ty—4
=
To find the y-intercept, set x = 0, and salve for y .

2
Find the »-intercept of the line i

g3 iyt
2
0=-3 Jy-4

3 2
-3 Ty-4
5 2
Wultiply both sides by 10, the least commaon multiple of the denominators:

102 g, 24
5 2

10-(-3) _ 10 (7y-4)

5 2
2.%-(-3) , %5 (7Ty-4)
L X

—6=135y-20

iote: Cross-multiplying will give you the same result)
continued...

14 of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Example B, continued...

Mow solve —6 = 35y — 20 for ¥ .

— 6= 35y — 20
+20 +20
14 = 35y

The y -intercept is the point [0, %] .

15 of 16
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GRAPHING LINEAR EQUATIONS IN TWO VARIABLES

Extended Example 4a
dy-1 _ 3x+2

Find the y -intercept of the line 9

16 of 16
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Graph: 2x+3y =10

Graph the following line.
3x—4y=10

Find the slope: 25+ 7y =4
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Graph the following line.

ly—3x=-1

Are these lines parallel, perpendicular, or neither: y =4x+2 and 2x -8y =07
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| SLOPE AND THE SLOPE-INTERCEPT FORM

Introduction

This lesson explains the concept of slepe and introduces the single most useful
form for linear equations — the slope-intercept form. In the slope-intercept
form, the algebra and geometry come together nicely.
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SLOPE AND THE SLOPE-INTERCEPT FORM

Slope of aLine
We'll start with the geometric notion of the slope of a line. The slope of aline is
the "rise" divided ty the "run " In the following examples, we start at a point an
the line and "run” off the line horizantally to the right. Then we "rise" to get back
on the line. The slope, #2 , hecomes the rise divided by the run. (Traditionally,

m is used for slope; it is thought to derive fram the French word "monter," which
means "to climb.")

If the rise is actually a fall (going down instead of up), then the rise has a
negative sign. If the line has a positive run, the slope has the same sign as the
rise. If the rise is positive, then 5o is the slope, and if the rise is negative, the
slope is, too. In this course, we'll always assume that whenever the slope is
negative we have a negative
rise divided by a positive run.
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SLOPE AND THE SLOPE-INTERCEPT FORM

Horizontal and Yertical Lines

The slope of 3 harizontal ling is O (as you might expect), since the rise is 0 and
0
—o

anynumber

The slope of a vertical line is not defined, since the run is always 0 and

b
RO undefined .

Slope Formula

To find the slope of the line through two given points, (x, ) and (x4 ), you
can use the slope formula;
Yy~ _ rise

Slope =m="—"—=
X,— % run

The difference of the y -coordinates is the rise (notice that "rise” rhymes with
"y 's"), and the difference ofthe x-coordinates is the run.

3 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE A
Find the slope ofthe line through the points (2,3) and (6,5).

The run between these points is the diference of their x -coordinates,

run=6—-2=4,
and the rise bhetween these points is the diference of their y -coordinates,
fse=5-3=2.
i 2 1
S0, the slope is o = 2= —
run 4 2

Or, we can use the slope formula with our two points:
(=) (x3.0)
I & I
(2, 3) (6. 5)
Substituting these walues, we get:
b

Slope =m=
2oy B2

MNote:
= There's no preferred order for the points in calculating the slope. Cur next
example presents the same two points in the opposite order but results in
the same slope that we found here.

4 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE B
Find the siope of the line through the points (6,5) and (2,3).

These are the same two points as were given in Example A, but in a differert
order. Using the slope formula we have:

(xp.0) (x3.0,)
&

€9 @3

Y-y 3-5 -2

Slope =m= - = P

1
e T T e

Question: Find the slope of the line through the points (—4,2) and (3,-7).

Note:
s [t's helpful to put negative numbers in parentheses when using the slope
farmula, to keep the signs clear.
s [nthis course, we'll always give the negative sign to the rise when the slope
is negative.

5 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Question: Find the slope of the line through the points (-12,-19) and (14, 21) .

Question: Find the slope of the line through the points (—2.1,5.1) and (%.4,-1.8) .
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE C
Find the slope ofthe line y=3x-5.

Find two points on this line; then, calculate the slope of the line through those
points. We can find the y -intercept by setting x = 0. Then we'll set x =1 and

find its coresponding v -coordinate .

y=3x-3 x ¥ Point
y=3.0-5

o g g | =4 (0,-5)
= !

= 1 -2 [1,—2)
=g

Instead of graphing this line, use the slope formula to calculate its slope:
(2)-(=5) _-2+5_

Slope = m =
j 1-0 1

3

Note:
» Theline y =3x—5 crosses the y-axis at (0,—5), and its slope is 3. When

the equation of a line is written in a form like ¥ = 3x -5, the slope and the
¥ -intercept can both be seen directly in the eguation: slope

y=3x-3

|

y—intercept

7 oof 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Slope-lntercept Form

WWhEN 2 line is written in the form v =mex+ & | then the slope of the ling is 2

and the y -intercept is (0,&) . For this reason, it's called the slope-intercept

form for the equation of a line.
slope

y=mx+b
y—intercept
When the line is written in this form, the geometry is evident in the algebra.

Aswas mentioned earlier, a vertical ling has an undefined slope; it is the only
type of ling with an eguation that cannot be written in slope-intercept form.

EXAMPLE D
Find the slope and ¥ -intercept of the line y =<4 x4+2 .

Since ¥y =—4x+ 2 isin slope-intercept form, it has a slope of —4 and its

¥ -interceptis (0,2).

When the linear equation is in slope-intercept form, the slope and ¥ -intercept
are right in front of your nosel
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| SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE E
Find the slope and y-interceptof the line 6x—-2v=15 .

This time the equation isn't in slope-intercept form. To get it into this ideal form,
solve the equation for y .

First, isolate the » term by subtracting 6x from both sides:

Gr—a = A8
—bx —6x
— 3y =—fx+18

Mow solve for » by dividing both sides by =3

-3y _—bx+1s

Kow the equation ¥ = 2x— 6 isin slope-intercept form. The slope is 2 and the

y-intercept is (0,-6] .
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SLOPE AND THE SLOPE-INTERCEPT FORM

Extended Example 1a
Find the slope and y -intercept of the line 7x— 2y =14

10 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Horizontal Lines
Afain, the slope of a horizontal line is zero.

X
o i 3 35 |[yr=2

Matice that all the paints on this line have a y -coordinate of 2 . If a point has a
¥ -coordinate of twa, it lies on this line. The x-coordinate can be any number.
50, it makes sense to call the equation for this line y = 2. Finding the slope-
intercept form far this line confirms this eguation. First we compute the slope
using two points on the line—for example, let's use (1,2) and (3,2):

Slnpe:mzﬂzgz

-1 2

The slopeis 0 It's clear from the graph that the y -intercept is the point [D,E) .
Therefore, the slope-intercept equation of this line is:

y=m x+2
y=0 x42
y=04+2
y="2

The equation for amy horizontal line can be written inthe form y = O, where O
i5 S0ME constant.

11 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE F
Find the equation of the harizontal line through the point (3,-1) .

All horizontal lines are of the form = O for some constant C . This horizontal

line goes through the point [3,—1) . Since the y-coordinate is — 1, the equation
af this line must also be y=-1.

Question: Find the equation of the horizontal line through the point [—4,3) .

Question: Find the equation of the horizontal line through the point [5,?) :

1z of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Yertical Lines

wertical lines have undefined slopes. For example, consider the vertical line
shown belov.

-V
5 *
3 ]
& 4
—3 ]
TR

All the paints an this line have an x -coordinate equal to 2. If the x-coordinate
of & point is two, it lies on this line. So, it makes sense to call the eguation for
this line x = 2. Mow |et's see what we get when we compute the slope using the
two paints (2,—3) and (2,3): 3 (03
Slope=m=_"— " = — = ndefined
2-2 0

The slope is undefined. We find that the equation of a vertical line cannot be put
into slope-irtercept form (v = s+ 5.

Ay wertical line has an eguation that can be written in the farm x = ', where
£’ is some constant.

13 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE G
Find the equation of the vertical line through the point (3,-1) .

All vertical lines are of the form x = C' | for some constant £ . This vertical line
goes through the paoirt [3,—1) , and the x-coordinate is 3. 5o, the equation of
this line mustbe x =3

Question: Find the equation of the vertical line through the point [9,2) ;

Question: Find the equation of the vertical line through the point [—4,3) ;

Question: Find the equation of the vertical line through the poirt (5,7) .

14 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE H
Find the equation of the line with slope 8, through the point (0,-3) .

The given point is, in fact, the y -intercept (since its x-coordinateis 0. In
slope-intercept form, this line's eguation is ¥y = 8x—3.

EXAMPLE |
Find the equation of the line with slope 2 that passes through the point [1,5) .

We know the slope is 2 . 5o the equation must be of the form y =2x4 & for
some & . Tofind the v -intercept, &, use the given point [1,5) with x =1 and
¥ =25 If we substitute these values into the equation, we can salve for &
g=l =13 = w="xth
5=2.1+4
D=t

Bi=dh
The y-intercept is 2, so the equation of this line is y=2x+ 3.

15 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Extended Example 2a
Find the equation of the line with slope 10 that passes through the poirt (2_,3).

16 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE J
Find the equation of the line through the paints (—4,2) and (3,-1).

We are not given the slope this time. Use the two given paints ta find the slope:
-9-2 -3 3

3-(—4) 3+4 7 3

Mow that we have the slope, we know our ling has the equation y =— ?x +4b.

olope =m=

Tofind &, substitute either of the given points into this equation. The point
(3,—1) has an x-coordinate of 3 and a y -coordinate of -1,

=g =l =S y:—% x+b
—1=—§-3+E:'
7
—1=—E+b
7
_1+E_§;.
)
9
o ki
7
2
B
7

g
The equation of this ling is ¥ = —?x+? :

17 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Extended Example 3a
Find the equation of the line through the points (-2,-5) and (2, 3);

18 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Parallel Lines
Lines with the same slope are parallel. For example, ¥y = 2x, y=2x -3, and

y=2x+7 are parallel lines since they all have a slope equal to 2 . The symbol

is often used for"is parallel to "
I 5 ¥ y=%-x+2

¥
=k
=
/ / 3 = 5 .
-2 ﬂfl ¥ "
ﬁ y=-2-x+2

parallel lines perpendicular lines

Perpendicular Lines
Twao lines are perpendicular if the product of their slopes is —1. The slopes of

such lines are negative reciprocals of each other. The symbol L s often used
for "is perpendicular to " To find a slope perpendicular to a given slope, take its
reciprocal and change its sign. For example:

2

3% FD
X3 h ot f ) sl F e |
eCallse [ 5] [3]
1

Poz kb L y=-8x+1  because [—]-[—8):—1

1
y=2x-3 1 y=-—x+7  pecause 2(—1]:—1

a2

y:—§x+2 g

19 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

EXAMPLE K
Determine whether the following lines are parallel, perpendicular, or neither;

2x—Sy=24 andy:—§x+l.

The second equation is in slope-intercept form, and we can see that its slope is

3
M=, To find the slope of the first line, put the first equation into slope-

intercept farm by solving for

it et
=% e
—3y=—ix+24
-3y —Z2x+24
= B
Lo
s
2
yzgx—g

2 5
The firstling has slope 3 while the second line has slope —5. aince these

slopes are negative reciprocals of each other {the product of their slopes is —1),
these lines are perpendicular.

Z0 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Extended Example 4a

: : 4
Determine whether the lines Bx+ 10w =1 and ¥ = —§x+ 2 are parallel,

perpendicular, or neither.

21 of 23
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SLOPE AND THE SLOPE-INTERCEPT FORM

Graphing Lines Directly from Slope-Intercept Form
It's often guite easy to graph a line of an equation in slope-intercept form without
making the usual table of x, ¥ values. For example, let's graph the line

5
V= z x+ 1. Right away we know that the line has » -intercept [D,l) , 50 We can

5
start by plotting this poirt [see (a), below]. The line has slope m = = = — If

Fun
wg "run” a distance of 3 from the ¥ -intercept [see (), below], we must "rise" a

distance of 3 [see (), below] to get back to the line [see (d), below]:

i (a) i (h)
4 4
11 1p—tdpr—i
3 X S x
% (c) 5 (d)
4 o 4
3 3
[ o o 1 w = 5 !
5 x -
22 of 23

Module 7- Section 2- page 22



| SLOPE AND THE SLOPE-INTERCEPT FORM

; Extended Example 5a
Graph the ling y = = +2 using only this line's slope and y -intercept.

23 of 23
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Graph, and state the slope and y-intercept: 5 = 3x — v

Find the slope and y-intercept of the following line.
S=3x—y

Find the slope and y —intercept: 2x -3y =0

YWirite the equation of the line with slope _3 and y-intercept 3

4
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Find the x and y-intercepts: 2Zx — y = 8§

State whether the given lines are parallel, perpendicular, or neither.
8x—5y=40 and 35x-8y=40
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POINT-SLOPE FORM

Introduction

In this section we'll examine another form of linear equations—the point-slope

form. Although wou can solve any problem involving linear equations of
non-vertical lines using the slope-intercept form learned earlier, the poirt-slope
farm will help to deepen your understanding of the connections between algebra

and geometry.

1of 13
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POINT-SLOPE FORM

Let's start with an example using the slope-intercept farmula, ¥ =mx+ & | where
# isthe slope and & is the y-intercept.

EXAMPLE A
Find the line with slope 3 that passes through the point (1,2) .

Start with the slope-intercept formula, v = mx+ &, and substitute the known
slope, =3

v=3x+hk.
Then, substitute in the x and y -coordinates of the given paint, (1,2):

g=hop=d = p=Sintd

e= FlltD
2=3+54
=Ji=h

So,ourlineis y=3x—1.

Mext, we'll redo this example in a way that will lead to the pointslope form far
the equation of this line.

2 of 13
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POINT-SLOPE FORM

EXAMPLE B
Find the line with slope 3 that passes through the point {1,2) .

This time, suppose that [x,y) is another point on this line. YWe can now
compute the slope between the two points on our line, (1,2) and (x,):
-2
= 2 .
F—1
Mote that we are told that this slope equals 3
-2
T
x—1
Multiply both sides of this eguation by (x— 1) to clear the denominator:
-2
Sy PR S T

x—1
[y_zj'N—B-[x—lj
=y
y—2:3[x—1)

That last ling is the equation of the given ling in poirt-slope forrm.

The general farmula for the point-slope form of a ling with slope s that passes
through point (x,),) is:

y—ylzm[x—xl).

3 of 13
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POINT-SLOPE FORM

EXAMPLE C
Find the point-slape form of the line with slope % that passes through the

point (3,5) .

We are given m = 23 and (x.00)=(3.5).

Substitute these values into the point-slope formula:
==, B=3 3=5

y—y1=m|:x—x1:l

y—5=§[;{—3)

The equation in poinkslope farm is y— 5= %[x— 3.
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POINT-SLOPE FORM

Question: Find the point-slope form of the line with slope 52 that passes through

the point (-1,9) .

Question: Find the paint-slope farm of the line with slope —4 that passes through
the point (—8,-3) .
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POINT-SLOPE FORM

9
Question: Find the point-slope form of the line with slope — e that passes

23
through the point | —, —— | .
et o)
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POINT-SLOPE FORM

EXAMPLE D
Find the equation of the line parallel to ¥ = 2x — 66 that passes through the

paint [4,—2) . Express your answer in point-slope form.

Farallel lines have the same slope. 30, we know that the line we need to find
has » =3, and we know that (x), ) =(4,-2) .

Substitute the values into the point-slope formula:

Rl Tl T R

yY-mn :”"3[*""_3"'1:|
y—[—2}=3(x-4)
y+2=3[x—4)
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POINT-SLOPE FORM

Extended Example 1a
Find the line parallel to y — 3x = 5 that passes through the paint (1,1} .
Express your answer in point-slope form.

Module 7- Section 3- page 8



POINT-SLOPE FORM

1 EXAMPLE E
Find the equation of the line perpendicularto y = z x— 33 that passes through

the point (2,—4) . Express your answer in point-slope farm.

Perpendicular lines have negative reciprocal slopes.

1 5
The negative reciprocal of - is = or —5, so our ling has slope »2 =—35 and

':xls.}’l) = (3’_4) :
Substitute these values into the point-slope formula:

gp=g . =g y1=—4
i }’1—”’“:
=P = la 3)

y+d4=-5(z-3)
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POINT-SLOPE FORM

Extended Example 2a
Find the line perpendicular to y — 6x = 1 that passes through the point
(—1,-4) . Express your answer in point-slope form.

10 of 13
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POINT-SLOPE FORM

EXAMPLE F
Find the point-siope equation of the line that passes through the points (2, 3)
and (—1,-3).

First, we find the slope of the line through the two given points:

_(=3) g

~3

ra-xn (-1)

_3_
g

2

s

Mext, let's pick the first of the two points given, [2,3) , and substitute it and the
slope s = 2 into the poirt-slope formula;

= g e
y—ylzm[x—xljl
y—3:2[x—2)
y—3:2[x—2:l

11 of 13
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POINT-SLOPE FORM

Extended Example 3a
Find the point-slope equation of the line through the points (=3,6) and

(-2,-9)

12 of 13
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POINT-SLOPE FORM

Extended Example 4a
Use the point-slope farmula ta find an equation of the line that passes through
the point (3,2) and has a slope of — % Then put this equation into

slope-intercept farm.

13 of 13
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Flot the points, draw the graph, determine the equation, and give
the slope and the y-intercept: (—=2,3), (1,-2)

Flot the point, draw the graph, determine the equation in slope-
intercept form, and dive the y-intercept: Through {:'n:'\} with slope

Module 7- Section 3- page 14



Find the point-slope equation of the line through point (-4,12)
and parallel to the line 2x -7y =13.

Flot the point, draw the graph, determine the equation in slope-
intercept form, and give the y-intercept. Through {‘? 5} with slope

FH =

-] | (]

Module 7- Section 3- page 15



Find the point-slope equation of the line through point (2.4)
9 7

and perpendicular to the line y = —x - -

-
)

Find a point-slope equation of the line through points
(13,10} & (19,—11}). (Hint: Use the first point!)
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RELATIONS AND FUNCTIONS

Introduction

In this lesson, we'll studhy relations and functions. The concept of a "function”
underlies much of modern science and technology, and is the basis for
advanced work in mathematics. Mot everything in the world can be rmodeled
using lines, but the graphs of relations and functions fit most situations .

1 of 30
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RELATIONS AND FUNCTIONS

Sets

A setis a collection of things called elements that are enclosed in curly
brackets { } and separated by commas. For example, {a,®,c} is a setthat
contains the elements @, &, and ¢ . The listing order of the elements does not
matter: {a,b,c}={c,a.b}.

Repetition of elements is usually avoided, although the set {a,a,b.c} is

considered the same set as {a,b,c} A set that allows repetition of one or more
of its elements is called 2 multiset.

MNote:
* |1 this course, we will avoid the use of repetitious elements when listing a set.

Ordered Pairs

An erdered pair consists of two items separated by a comma and enclosed in
parentheses. Unlike sets, order does matter here: (1,2) = (2,1) . When both
elements of on ordered pair are numbers, think of the ordered pair as the x, ¥

coordinates of & point. In this lesson, ordered pairs will usually be points on &
plane.

Relations

A relation is 3 set of ordered pairs. A relation doesn't necessarily involve
numbers. Marriage can be considered a relation (et the first element of each
ordered pair be a wife, and let the second element be her hushand). In this
lesson, relations can be thought of as sets of points. To graph a relation, just
plaot its points.
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RELATIONS AND FUNCTIONS

Graph the refation R ={(1,2),(2,1),(2.3),(3.2),(2.4).(4.2)}.

Flot each of the paints in &

Deomain and Range

et L B

Graph of relation &

EXAMPLE A

The demain of 3 relation is the set of all first coordinates (or x -coordinates) in

the relation.

The range of a relation is the set of all second coordinates (or y -coordinates) in

the relation.

For example, let S :{[1,2),[3,4),[5,6),[1, 6),[3,2)} he a relation.

Then "the domainof §={1,3,5] and "therange of §={2,4,6}.

3 of 30
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| RELATIONS AND FUNCTIONS

Question: Find the domain and range of the relation;
{[red, Mars),(vinlet, Saturn),[gre en, %en us),[yellnw, Mercurj,r)}

Question: Find the domain and range of the relation:
{[cuddly, kitten), (cuddly, puppy), (prickly, pnrcupinej}

Question: Find the domain and range of the relation:

{[cx,b) Sa,c), (B.8), (5.0, [E:-,ai')}
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RELATIONS AND FUNCTIONS

Functions

A funetion is a relation in which each element of the domain occurs only once
as a first coordinate of the relation. A function has no repetitions of any of its
x-coordinates. Study these examples:

{[cx,b),[b,c),[c,b)} is a function, since each domain element ocours
once as a first coordinate.

4 i

{a, &), (a,c), (c,b) ¢ 15 NOt & function, since @ occurs twice as a first
coordinate.
{[0,2),[1,2),[2,2)} is a function, since each domain element ocours
once as a first coordinate.

b J

(1,10,(2,2),(1,2)¢ 15 not a function, since 1 occurs twice as a first

coordinate.

Motice that we don't care about the second coordinate at all in deciding whether
a relation is a function.

5 of 30
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| RELATIONS AND FUNCTIONS

Question: |s the relation {[0,1),[1,1),(2, 1),[3,2),[4,2)} a function?

Question: Is the relation {{0,0),(0,1),(1,3).(2,5)} a function?

Question: |s the relation {[1,4),[4,1),[2, 1),[1,2)} a function?

Module 7- Section 4- page 6



RELATIONS AND FUNCTIONS

Vertical Line Test

There's an easy way to tell if a relation is a function by looking at its graph. A
wvertical line can never cross the graph of a function more than once . If any
vertical line crosses the graph of a relation more than once, then that relation is
not a function.

Consider the relation we encountered earlier,
R :{[1,2),(2,1),[2,3),[3, 2),[2,4),(4,2)} _ This relation is nat a function,

since the element 2 is repeated more than once as a first coordinate:

4 4 4
{(1, 2),02,10,(2,3),(3,2),(2,4), 4, 2)} :

This repetition can be seen 4
inthe graph of £ . The
vertical line depicted
crosses R three times,
one far each time 2 was
repeated as afirst
coordinate.

i bt G o

X
1 34

The first coordinate is the x-coordinate. If two points have the same
x-coordinate, they are on the same vertical ling. Corversely, if two points are
on the same vertical ling, they share the same x -coordinate, and cannot be on
the graph of a function.

7 of 30
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RELATIONS AND FUNCTIONS

Input-Output and Function Notation

The domain of a function can be thought of as the set of all its possible inputs
with the range of the function as its corresponding ougeuts . One input yields
onky one output. The input is the x-coordinate, and this input is paired with its
corresponding output, the ¥ -coordinate.

Consider the function f = {[1 51.02.4).(3, 3),[4,5)}. The function # can he
visualized as an input-output table:

i
Input Output
1 — a
2 —_— 4
a  — 3
4 — a

Functions have a special notation. Suppose the point (x,») is on the graph of

function # . Inputting x results in output v . In function notation, this is
EXpressed as

Jlxl=y.
(Thisis read as:" F of x eqguals »")
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RELATIONS AND FUNCTIONS

The input-output table, including function notation, for the function
f= {[1 51.(2,4).(3, 3),(4,5)} from the previous screen would look like this:

Function §
Input Output Function Notation
X y Fx)=y
1 E— g Fl1)=5
i — 3 F(3)=3
4  — ] fl4)=5
¥
Graph of the function Range 3 e *
3,450 ¢
7={015).(24).(3.9.(4.5)} : 455 o |
2
1
%
1 2 3 4
Domain
§1,2,3,4}

WARNING: The notation f(x) is pnly used to represent functions. It does not
mean multiply £ times x . Always read f(x) as "F of x "

2 of 30
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RELATIONS AND FUNCTIONS

Whien thinking of functions, it may be helpful to imagine the image of the
"function box" below.

“Domain of " “Range of /"
= "Get of all possible inputs Input = "Set of all possible outputs
to " X of 7"
= "Get of all x-coordinates E 5 = "Set of all y -coordinates of
Of points on the graph of f points on the graph of # "
The variahle x is $ The variable y = f () is
sometimes referred to as I (x) 3DmEtirgEStrEfEfrif: t'I'Ita_S the
- - ependent variable It is
the independent variable. Output calﬁed EE i e

the output y depends on
the input x .

Usually, the variables 7, g,and & (or &, &, and &), are used for functions.
Howewer, any variahle can represent a function.

10 of 30
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RELATIONS AND FUNCTIONS

Function notation is paticulary useful to define functions with infinite domains.
For example, consider the function defined by the eguation:

iR B =

This is the equation of a line in the slope-intercept farm, » =2x—1 . You can
think of » as a function of x . This tells you what g does toan input x to
obtain its corresponding output y . This function has all real numbers for its
domain, since any real number may be substituted for x .

In function notation, input 5 by substituting it for x:

It's helpful to think of a function as a process. In
this case, our function g is the process 2x -1,

|

y=gix)=2x-1 |
which means "double the input, and then subtract I
I

|

|

|

y=gio)=2-5-1
=10-1
y=gii) =49

1. "If 5 is the input to this function, it first gets
doubled, becoming 10. Then 1 is subtracted,

I
I
|
I
|
I
Il yielding an output of 9,

=0, the point [5, 9) is on the graph of g . WWe can input any real number, and
find the resulting output. This process is called evaluating the function.

It's interesting to note that function notation resembles the function box we
introduced on the previous screen;

input

[ PET
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RELATIONS AND FUNCTIONS

EXAMPLE B
Evaluate function gizx)=2x—1 atinputs O, }é ,and =3 What are the

corresponding points on the graph of g ?

For each of these, x isthe input and » is the output

g(0y=2.0-1
g — The poairt (0,—1) is on the graph of g .
==
g(a)=2(15) -1
i) ] — The poirt (4,0 is on the graph of g .
=10
g(-3)=2(-3-1
=—6-1 ——  The poirt (=3,-7) is on the graph of g .
=7

By defining the function g as g(x)= 2x—1, we have a way to find many more

points on this function's graph. However, we already have enough points to
graph the infinite line since g is linear: 11 x

-3

gixi=2x—1

1z of 30
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RELATIONS AND FUNCTIONS

. Extended Example 1a
Evaluate the function k(z) = 3x—4 at x = 2. What is the corresponding point

on the graph of & 7

13 of 30,
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RELATIONS AND FUNCTIONS

Functions that hawve lines as graphs are called linear functions. Any equation of
a line written in slope-intercept form can be thought of as a linear function. In
that form, » is written as a function of x . Qur next example involves a nore

linear function,

EXAMPLE C

2
= at x = 5. Which point on the graph of

Evaluate the function 7 (x) = ;
X

A have we found?

10
23

F(5)==

The paint [5, %J is on the graph of & .

MNote:
s [f we plot many points of 3 non-linear function, we can graph the function by
connecting the dots. This can be a tedious process. Luckily, computers and
graphing calculators can perform this task very easikyl

14 of 30
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RELATIONS AND FUNCTIONS

Extended Example 2a
Evaluate the function #{x) = x2 —5 at x =4 What paint on the graph of f
have we found?

15 of 30
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RELATIONS AND FUNCTIONS

EXAMPLE D
For the function # (x) = 5— 9x, what input will yield an output of 100 ? In other

wards, if #(x) =100 thenwhatis x?

We know that f(z) = 5- 9x.
So: f(x) =100
3—8x=100

Mow we sokve 55— 9x = 100 for x;

5— 9% =100
—5 —5
—9x =85
~9x 95
T

95

-

5o, for the function # (x) = 5— 9x, the input —% will give an output aof 100 .

o=

We can check this;

]:5—&@3:5+95:m0.

16 of 30
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RELATIONS AND FUNCTIONS

Question: For the function g [x) =10x-13, what input will yield an output of 227

Question: For the function H(xj =17 - 23x  what input yields an output af 0%

17 of 30

Module 7- Section 4- page 17



RELATIONS AND FUNCTIONS

Question: For the function #{x) = 3214123z , what input yields
anoutput of 1117

18 of 30
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RELATIONS AND FUNCTIONS

Finding a Function's Domain
How do you determing the domain of a function?

For the linear functions we"ve been [0oking at, the domain is the ertire set of
real numbers.

sometimes the line comes from a real-world problem. For example, » might

represent the number of buffalo on a prairie. Although the line may hawve points
where v is negative, you can't have a negative number of buffalal In such a
case you would, reasonably, decide 0 exclude values of x thatresult in such
negative » values. Use common sense.

When you define a function, you may state the function's domain as long as the
function is well defined in the specified dormain. A function depends on its "rule”
and its dormain. If 2 domain isn't specified for a function, assume the domain is

as large as possible and then work fram there.

When you are asked to find the domain of a function, it helps to ask yourself
first, "wWhat's not in the domain of the function?" Those exceptions are usually
easy to spot.

Be on the lookout for the following values to exclude from a function's domain:
s Ay values that make afunction's denominator zero (undefined)
= “alues of x that result in the sguare root of a negative number
s When applying functions to the real world, any input walues that resultin
meaningless or unrealistic outputs (if graphing a number of real things,
wou can't hawve a negative number)

19 of 30
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RELATIONS AND FUNCTIONS

EXAMPLE E
1

r+3

Find the domain of the function 7 (x) =

since division by 0 is undefined, this function is undefined when x+3=0_
x+3=10

=3 L5
X =3

The domain of f (x) = is "all real numbers, except —3 .

x+3

This can be expressed inthe following so-called set-builder nhotation:

{e] xe-3]

The vertical line that fallows the first x means "such that." To the right of that
vertical line go any conditions that x must satisfy to be a member of that set.

a0, {x

equal negative threeg "

xr# —3} is read "the set of all real numbers x such that x doesn't

Z0 of 30
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RELATIONS AND FUNCTIONS

Extended Example 3a

Find the domain of the function & (x) = 2%~ 2 ;
7o

21 of 30
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RELATIONS AND FUNCTIONS

EXAMPLE F
Find the domain of the function 7 (x) = +/7 - 8x .

To avoid a negative value under the square root, the radicand, 7 — 8x |, must he
positive or its square root won't be a real number. In other wards, it must be
greater than or equal to zero. We must salve for x when 7 — 8x is greater than
ar equalto 0

T—8x =0
=7 -7
—8x =-7
_ngi
-8 -3
xil

3

(Motice above how the ineguality reversed direction when we divided
both sides by & negative nurmber )

The domain of & is {x

.
b E} "the set of all real x such that x is less than

or egual to seven-eighths "

22 of 30
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RELATIONS AND FUNCTIONS

Extended Example 4a

Find the domain of the function g (x)= +2x-10 _

23 of 30
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RELATIONS AND FUNCTIONS

EXAMPLE G
Find the darnain of the function 0(£) = DE s

This time, there's no need to restrict the dorain. Any real number can be
squared, multiplied times negative three, and more. The domain consists of all
real numbers.

Things to notice about this example:

« Patice that this time the independent variable (from the darmain) is ¢
ratherthan x . Any letter can do x's job.

» This function is a second-degree polynomial function, since it's defined
by & polynaomial. Second-degree palynomial functions are called
quadratic functions (we'll look at those rmare in another chapter).
Linear functions are first-degree polynomial functions.

= Every polynomial function has the entire set of real numbers for its
damain.

24 of 30
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RELATIONS AND FUNCTIONS

When you defing a function, you can specify precisely how yol wish to restrict
its cormain.

EXAMPLE H

il  with domain {—3,—2.0,2,3} . Findthe range of 7, and

Eeteifxi=
graph this function.
YWe must evaluate f at each input in its specified domain. The resulting outputs
constitute the range of 7 . Look at this table to study the calculations that lead to
the range and points shown below.

The range of f is {-=13,-7,2,3,11}.

The graph of f is

y}
11¢
v ¥ ::% | X
=5 =2 2 3 x
Tt &
134 2
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RELATIONS AND FUNCTIONS

When we don't explicitly restrict its domain as we did in the last example, the
dormain of

x+11

1—=x
includes all real numbers (except x = 1, which makes the denominator 0.

Flotting & few hundred more poirts forthis function results in the curves shown
in the graph below. {In this graph, you can still see the points from the previous
SCreen.) ¥

To graph any function by hand, you can simply plot enough points to enable you
to "see” where the curve goes, and then srmoothly connect the dots. But, asyou
rnight imagine, computers and graphing calculators are far more efficient at such
tasks than humans!

26 of 30
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RELATIONS AND FUNCTIONS

3 Extended Example 5a
Let p(x) = T with domain [-2,-1,0,1,2} . what is the range of » ?

J5 —a
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RELATIONS AND FUNCTIONS

EXAMPLE H

A stare has 200 stereos for sale. The price atwhich the stereos will be sold is
related to the number of stereos that are sold by the function

P[Sj = 55025 where P isthe price of a stereo and & is the number of
sterens sold. What is the domain of this function?

Although the function P {8 = 550 - 28 is a linear function with all real

numbers for its domain, we are told there are only 200 stereos. Also, there can't
be a negative number of stereos, so the number sold must be between 0 and
200,

Further, the stare cannot sell 2 fraction of a stereo, so we know the number sold
must be a whole number.

Therefare, the damain of this function is the set of all whole numbers between 0
and 200 inclusive:;

{S‘ & is awhale number and UESEEUU}

Zg of 30
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RELATIONS AND FUNCTIONS

EXAMPLE |
suppose the number of ovens that can be assembled at a factory in one day is
g less than four times the number of employees working on that day. Find &
function that expresses the number of ovens that can be produced in a day as a
function of the number of employees working. Use this function to calculate hiow
mary 0vens can be produced with 12 employees.

Call the function A7 for "the number of ovens that can be assembled at the
factory in one day," and the input variable w for “the number of workers " Let's
translate fram English into algebra:

"The number of ovens that can be assembled at the factony inone day is 5 (253
than four times the number of employees working on that day. " becomes:

N=4w-3.

We can think of A7 as a function of w . Using function notation, this equation
can be written as;

| M(w) = 4w-8)|

Inputting w = 12 to this function gives us:

Mwi=4 w-=5

N(&y=4.12-8
=48-8

N({12)y =40

40 ovens can he assembled by 12 employees.

29 of 30
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RELATIONS AND FUNCTIONS

Extended Example 6a
A salesperson earns $80 per day, plus a 9% sales commission. Find & function

that expresses her earnings as a function of sales, and use it to compute her

earnings if the total sales were $600.

30 of 30
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For f(x)= i

find x sothat f(x)
x+1 '

Evaluate the function at the indicated value.
ot)= B_f at t=-3
¢
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2_—

For glx)=x 7x + 2, find the range if the domain is

§~4,-2,0,1,40

If the cost in dollars to mail a package which weighs w ounces is

)

given by the function C'(w)= 2.75+0.65w , how much would it

cost to mail a package which weighs 14 ounces?
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Introduction

In this lesson, you will learn hiow to graph linear inequalities in two variahles.
These inequalities have solutions that consist of entire regions of the x,

plane. Linear inequalities are applied to mary diferent fields, including
operations research, where finding an optimal point in a feasile region
arnounts to maxirmizing a profit or minimizing & cost.

1 of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Dividing the Plane

If you draw a line on a plane, it divides the plane into three distinct parts: all the
points on one side of the ling, all the points on the other side of the line, and the
points on the ling itself,

v

h

e

The solution set of a linear inequality in two variables consists of all the points
on one side of & ling. It may or may not include the ling itself.

We salve a linear inequality by graphing it in two steps. The first step is to graph
the comrect ling; the second step is to shade the appropriate side of that line. All
the points on the shaded side of the line satisfy the inequality. When you
substitute the x,» coordinates of the points in the shaded region into the

inequality, the inequality is true. The ineguality 1s not tue for the points on the
opposite, un-shaded side of the line.

Mow let's ook at an exarnple soyou can see what this is all about!
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

EXAMPLE A
Graph y =2x+1.

Step 1: Feplace the inequality with an equal sign and graph the resulting
euation. Graph » = 2x +1 . This equation is in slope-intercept form:

Y= mxth
Sl o o |

The slopeis 2 and the y -intercept is the point (0,1) .
¥,

3
Plot the y -intercept, (0,1}

]

since the 3

2 rise
slopp = 2= —=— youruna
1 run 117

distance of 1 (to the right)... "

...and thenyou rise up

a distance of 2
to get back to the line:
continned...

3 of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example A, continued...

F¥a
In this case, the inequality is = (less thanor
egual to). "Or equal to" means that the line
itself is included inthe solution. YWe indicate
lz this by drawing a solid line through the points.
P—— 1
1

Step 2:VWe must decide which side of the line is included in the solution set (we
will shade that side of the line). Pick a point that is not on the line with

coordinates that are easy to operate with {small numbers, preferably 0
ar 1. Faor example, we'll pick the pl:nnt 1 D)

I/
u 5

This is our test peint. Do the coordinates of this point make the
inequality true? YWe can answer this important guestion by substituting
the coordinates of the point into the original inequality:

[x,y:lzlil,[:]:l — o ERord]
0=2.1+1
0=3 Truel

continted...
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GRAPHING LINEAR IN

Example A, continued...

EQUALITIES IN TWO VARIABLES

ince our test point [1,0) satisfies the inequality, we shade the area on the side

of the line that containg it
¥

f——t—3 X

y
The x,y coordinates of every
inequality v < Zx+ 1. In other

‘

point in the shaded region satisfy te linear
words, the y -coondinate of each point in that

region is less than one more than twice its x-coordinate. Along the ling itself,
gach point's y -coordinate is exactly one more than twice its x-coordinate,

which also satisfies the ineguality since it is "or equal to" 2x + 1. However, on

the un-shaded side of the line,

v is greater than 2x 4+ 1, and naone of those

points will satisfy the given inequality.

sicde of the line.

Words to the Wise
+ If 3 test point does not satisfy the inequality, then shade the opposite

+ MNEVER pick a test point that's on the line.
+ The usual (and easiest) test point to use is the origin (0,0] .
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES
Extended Example 1a

Graph y =2 —-x +1.
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

EXAMPLE B

Graph ¥ = 3x— 5.
Step 1: RFeplace the inequality symbol with an equal signand graph the
resulting equation. Graph ¥ = 3x — 5. This equation is in slope-intercept

form. WWe know the slope is 3 and the ¥ -intercept is the point [D,—ﬁ) ;
F
4

Plot the y-intercept (0,—35)

-5&

; Since the slope = 3= E LiE Cwhen
2 1 run

1 ; you run a distance of 1 {to the right),
| ; you must rise up a distance of 3 to get
12 3x back to the line.

Mote: This time, we graph this as a
dashed line because the solution

g does not include the points on the line,
58+ since this is a strict ineguality (=).

continued...

7 of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example B, continued...

Step 2: e must decide which side of the ling includes the solution set (we will
shade that side of the ling). Again, pick a point that is clearly on one side
of the line and that has coordinates that are easy to operate with (small

numbers, preferatly O or 13, For example, we'll pick the origin [U,D):

4 :

_5'

Do the coordinates of this point make the ineguality true? We can
answer this important question by substituting the coordinates of the

point into the original ineguality:

[x,y:l:[[],l:l:l el S S
0=3.0-5
Uis el “Trgsl

continted...

g of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example B, continued...

Since our testpoint (0,0) satisfies the inequality, we shade the side with (0, 0)
hecause these points are included in the solution set.

4
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Extended Example 2a

Graph y = —%x+2 ]

10 of 18
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

sometimes we can't use the arigin for a test point. This occurs whenever the ling
passes through the arigin.

EXAMPLE C

Graphy::-%x.

Step 1: Replace the inequality with an equal sign and graph the resulting

5
equation. Graph ¥ = Ex . This equation is in slope-intercept form, so

3
we know the slope is E and the y -intercept is the point [G,D) . The line

passes through the origin.

y
3
Plot the y -intercept, (0,0 :
1
*
I 1 3 5
. : 3 rise
¥ e Since the slope = 2= — werun a
3 . 5 run
Ll distance of § {to the right), then rise up
P M€ adistance of 3 to get hackto the line,
1 .F'f
i in
35— 'S_H YWe use a3 dashed line, since we do not

include the paints on the line. (The
inequality symbolis" ="
continued...

11 of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example C, continued...

Step 2:'We must decide which side of the line to shade. Pick a paint with easy
coordinates (small numbers, preferatly 0 ar 1), for which you can clearly
see on which side of the line the point sits. Since we can't use the arigin,

we'll use paint (0,1):

il
Do the coordinates of this point make the ineqguality true? We can
answer this important question by substituting the coordinates of the
point into the original ineguality:

I':x,y:l:[[ll:l — ¥ }%-x

3
l==-10
2
1=0  Truel
ince our test point satisfies the inequality, we shade its side of the line.
.
3 o
l {’Ir v u}? :J. 3 .
2| 5 5
12 of 18
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

EXAMPLE D
Graph dx+3y =12,

Step 1: Replace the inequality with an egual sign and graph the resulting
equation. Graph 4x 4+ 3y =12 . This time the equation of the line is not

in slope-intercept form. We can either put it into slope-intercept form and
proceed as we did in previous exarmples, or, we can find two points on
the graph. For this problem, it's easiest to find the x and y -intercepts

without putting the equation into slope-intercept form first.

To find the x-intercept, we set y=0:

g i L
4x4+3.0=12
dx= 12
=

The x-intercept is the point (3,0) .
Tofind the y-intercept, we set x=0:
4. x4+3r=12
4. 0+3y=12
3y =12
y=4
The y -intercept is the point (0,4) . continued...

13 of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example D, continued ...

After plotting these two intercepts, we can graph the ling. The line will be salid,
due to the " <" symbol:
22

X

3

Step 2: Ve must decide which side of this line to shade. Again, we pick our ald
friend the origin, [G,D) .15 the origin in the solution set? YWe answer this
by substituting zeros into the original inequality:

[x,y):([],l:l) —= 4.x+3. v=12
4.04+3.0=12
D=1z Triel

S0 we shade the origin side of the line;

r [d4x+3r =12

14 of 15
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES |

_ Extended Example 3a
Graph Sx—23=10.

15 of 18
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

EXAMPLE E
Graph 3y =212

Step 1: Replace the inequality with an equal sign and graph the resulting
equation. ¥We graph the line 2y = 12 . Dividing both sides by 3, we

get v =4

Recall that this is the form of the equation of a horizontal line. In this
case, the y-intercept is atthe point (0,4) . Graph this horizontal line.

The line will be solid dueto the"=" symbaol;
¥

Step 2: e must decide which side of this line to shade. Again, we can choose
the origin(0, 0) . 15 the arigin inthe solution set? We answer this by
substituting = Zero into the original ineguality;

[Ly):[am — Biwall
20212
0212 False

continted...
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example E, continuned...

Since the origin made a false statement, the side that does not include the origin

contains our solution set;
¥

3y =12

EXAMPLE F
Graph 2x <6

Step 1: Replace the inequality with an equal sign and graph the resulting
equation: YWe must graph the line 2x = & . Dividing both sides by 2, we
get x = 3. Recall that this is the form of the equation of a vertical line. In

this case, the x-intercept is at the point [3, D) . Graph this vertical line. It
is dashed due to the "<" symbaol. Yt :

---1“--

continted...
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GRAPHING LINEAR INEQUALITIES IN TWO VARIABLES

Example F, continued...

Step 2: e must decide which side of this line to shade. Again, we can pick our
old friend the origin (0,0) . s the arigin in the solution set? We answer
this by substituting a zero into the original inequality:

(x,y):[D,D) — Z.x«h
2-0=6
0eh Truel

Therefore, we shade the side with the origin.

&

é

2x <6
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Graph: y > —2x+3

Graph: 4—y—x =10

Graph: y <—2
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Graph the linear inequality.

cZx-2
’ 3

Graph the linear inequality.

3x—4y <124

Graph the linear inequality.

—2x—-Ty =18
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